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Introduction 
The maths subject is considered one of the basic courses that helps students to acquaive 
educational abilities to develop thier thinking and solving problems and it helping to 
deal with difficult situations in thier life . 
As a starting point of attention by the Ministry of Education represented by the General 
Directorate of Curricula to develop the curricula in general and specially of maths in 
order to go along with the technological scientific . 
This book is part of the of the project to diversify education for sixth - graders / (Applied 
Branch). 
The book consists of six chapters: 
The first chapter is (Complex Numbers) which contains: 
Find the roots and their properties ,Solving second -order equation .in complex number 
, polar coordinates , Modulus and Argument of complex numbers . 
The second chapter is (Conic Sections) which contains: 
The standard equation .for Parabola , Ellipse and Hyperbola, and eccentricity of each 
them. 
The third chapter is (Application of Differentiation) which contains: Higher-order 
derivatives Related Rates. 
Rolles and Mean value theorem ,the derivative test for increasing and decreasing for a 
function, local Max and Min, Concavity and inflection opint, the second derivative test 
for local Max. and Min graphing functions and optimization (Max ,Min) problems. 
[he fourth chapter is ( Integration )which contains: Integration and its applications, find 
integration of Algebraic, Logarithmic , Exponential and Circular functions find the area 
between x-axis and the curve , and the area between two curves ,find the volume of 
revolution . 
The fifth chapter is (Ordinary Differential Equation) with contains: find (Degree, Order and 
Solution) and solving equation by separation of variable and by homogenous equations. 
The sixth chapter is (Space Geometry ) which contains: Dihderd angle and perpendicular 
planes ,and Orthogonal Projection on plane some and solids volume. 
We hope God help us to serve our country and our sons 
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COMPLEX NUMBER' 


CONIC SECTION 


APPLICATION OF 
DIFFERENTIATIONS 


COMPLEX NUMBERS 


| Chapter 1 : Complex Numbers 


1-1 Need to expand set of real Numbers. 

1-2 Operations on complex Numbers set. 

1-3 Complex Conjugate. 

1-4 Square roots of complex Number. 

1-5 Solution of quadratic equation in С, 

1-6 Cubic roots for integer. 

1-7 ‘Geometrical representation for complex Numbers. 
1-8 Polar form of complex Number. 


1-9 De Moivre's Theorem. 


Whole numbers 


COMPLEX NUMBERS 


We have previously studied solution of linear equation. There is one unique solution for a set of 


real numbers for any linear equation. 


When studying quadratic equations, some of them have a solution in the real number set, some do 


not have solution in this set, like equations : 
(хак 1-74) , (x3 - 4x € 5 = 0) 


As you learned, quadratic equations whose discriminant is (b^ —4ac) a negative number., 


have no solution in the real numbers set, 


Emergence of this type of equations in physical and geometrical applications has urged the need 
to expand real numbers set to a larger set, which is the complex number that need to be the 
subject of our discussion in this chapter. 


When we want to solve the equation (3^ —1 —0) or (x! = —1) , there is no real number whose 
sqaure is (-1), so we suppose a number 4-1. It is a non-real number (i), it is called imaginary 


unit, it is not a number that can be associated with computing or measurement, 


(i) Satisfies algebraic properties of the real numbers except for order property (ordinary), 


therefore we can compute the powers of (1) as follows : 


P-i.i-(1.i-- 
i-i?.2-0CD0.CD^-21 
i7-2i)25.1-2(253.1-2 (1)5.i1--i 

181 = 180.1 = (i i= (-1)40.1=1.1=1 
і?-(і)%.і-(2)4.і-(-1)”.ісі 


і-15 = 1-16, і = (12)-8 , і = (-1)8.1= 1 


COMPLEX NUMBERS 


Generally : 


+=", new , r=0,1,2,3 
м-10,1,2,3,...) | 


“а EU LL 1-4 iru СЫ э аф oe 4ш жул dd oe 2141214 


This means when (1) 15 power to a positive integer, the result is one of set |, i, —1, |} 


Whereby (i) power is divided by 4, the remainder is new power to (i) 


For example : 


78 =i because 25 quotient by 4 is б and the remainder is 1. 


i? = = і because 99 quotient by 4 is 24 and the remainder is 3. 
Example 1 


Write the following in simplest form : 


ер Йш 


d) i? 


a) isit — {0— | 
h) p? = jt 142 = i ==] 


c) 11521753 2 (13430) ;93- (Үүл pez (11) = | 


I| 19 
13 = — =— = == 
d) i 4375 = 


For example: 


C16 = 416471 = 4i 
435 = 4254-1 - 5i 
4-12 -4124-1 «2/31 
4-15 -415./-1-4151 


Generally ; 


Now after laerning what the imaginary number is, What the number (a + bi) is called? 
Whereby (a) is real number, (b) is real number УТ =i ? 


Definition 1-1 | Complex Number 


The number & = а + М, whereby a, b are real numbers, 4-1-1 isa complex number, its real 


part is (a) while (b) its imaginary part. The complex number set is symbolized C, the form u + hi 


is called the standard form or the algebraic form of the complex number. 


_ COMPLEX NUMBERS 


Any complex number c = а + bi can be made equivalent for unique order pair (a, b). а, b a real 


numbers, conversely, the real number (a) can be written as a ^ Ui or (а, 0) and (1) is the 


imaginary unit, such that : 
ic»i(0,1) or i204 li 


The number (0, b) <> bi is à pure imaginary number, as for the number 


(а, = ата + 0, itis a pore real number. 


The number -2 + 31 is a complex number, its real part is —2, imaginary part is 3. 
The number =2 is a complex number, its real part is —2, imaginary part is 0. 


The number -3i is a complex number, its real part is 0, imaginary part is —3. 


Example 2 


Write the following numbers in the form of a + bi : 


а)—5 byy -100 с) -1-4-3 d) uc. 


a) -52-540i 
b) 4-100 =./100.4/-1= 10i = 0 + 10i 
Ж -1-4Л1--1-4131 


144-25 1 4281 1 5, 
m—4————4—1 
4 4 4 4 4 


4) 


Since each real number сап be written as а + OF or (а, U), i.c, it can be written as a complex 


number, iis imaginary part is zero, this means; 


COMPLEX. NUMBERS 
Мое 4 


Real number set В is a subset of the complex numbers С, this means ВСС. 


Definition 1-2 Equality of Complex Numbers 


If osati, гу 25: then Б, =, . а =а, <> c7 €, 


The two complex numbers are equal if their real parts are equal and their imaginary parts are equal 


and vice versa 


Example 3 


Find the value of real x, у that satisfies the equation in the following : 
aj 2хХ-14215-144у41 Л 

b) 3xt+4i=2 + уі 

с) (2y -D)-(2x- 1 7 -8 + 3i 


Solution 


a) 1Хх-1-21-1-44у-1Л 
2х-Іісі = 1-2 
= Хт | 
2yt]l-y-2-l 
үзі 


b) 3x+4i=2+8yi 


| 2 
3Х-2,4-5у = нийг ‚У 
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COMPLEX NUMBERS 


с} (2y* 1) - (2x - ln - -8 38 
2y4-12-8,-(x-1)23 = 
2у=-9 -ix = => 


First: Addition operation on complex numbers 861: 


Definition 1-3 Addition of Complex Numbers 


Let хасаг,  cex-arthzi whereby с, т с; е C then, 
cq te= ER + a,) + (b, + ГА 
As you know, (a, +а,) ЕВ, (b, + b,) е К, because real number set is closed under addition 


operation, 
(a, +a) + (b, +b jie С 


Complex numbers set is closed under addition operation 


Example 4 


Add two complex numbers in the following : 
a) 344421, 5-241 

b 3,2-8 

ce 1-1,3 


11 


SOM 1111 


à (3-4421)-(5-2421)-13-5)-14 42-142) 
-8-2411 


b) (3)*(2-51)-2(3 0i) + (2 — 5i) 
=(3+2)+(0-Si=5—-4i 


с) (1-1) *3i 2 (1-1) * (0 31) 
={+ + [1+3=1 + ш 


The addition operation in complex numbers has the following properties : 

Ч бү, СС, € C then, 

- Commutativity : c, ^ t= y+ c, 

- Associativity : c; ^ (c4 + c4) = (cj +e) “с; 

. Additive Inverse: Y сЕ С, с=а+ы 3 z:c+z=z+c=0 => 2 = -с 

Whereby —a—bi = — € , (-c) is called the additive inverse of the complex number с. 


Additive Identity : svmbolized (е) and defined as: e = 0 = 0 — (i e C 


Subtracting à complex number from the other equals the addition of the first complex 


number with the additive inverse of the second complex number. 


12 


Г.хатрс 5 


Find the result of 
(7 - 13i) - (9 + 41) 


(7 - 13i) - (9 + 4i) = (7 — 13i) + C9 — 4i) 
-(7—9) * (-13 — 4i 
=-2-17i 


Example 6 


Solve the equation 
(2-41) +х= 5 +1 whereby хе С 


(2-4i)+x=-3 +1 
By adding the addivite inverse of the number (2 — 4i) to the two sides : 
(2-41) +(-2 * di) *àx ^(- 5 i) - (-29- 41) 
x-(-54i)4 (-2- 4i) 
-(-5-2)-* (1-4) 


=-=] + $i 


Second : Multiplication operation оп complex numbers set 
To multiply two complex numbers, they are multiplied as two algebraic values and substitude 
instead of i? by the number (-1), as follows ; 


13 
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If e mathi ©, =а, +651 then 
c,.Cc,7 (а, + bii) . (a, + bi) 
= a) .a, + 3, b,i + a; bii + b, bii? 
= djia + ауру] + à. bil “553 b,.b, 


= (8|4-0,05)9(8,8,9а, Л 


If К €R,c=atbi then kc-ka-k.bi 


VST ЛЛК Multiplying Complex Numbers 


Let сүса)-іңі , суҙ-ау"Әҙі whereby c, c, е С then 
©. ©з = (ajay — biba) + (ayby+ asbj)i 
Аз you know (a,2,— bjb) Е В and (a,b, t a,b) e К because 


В is closed under multiplication operation 


Therefore: с.с, е C 


Complex numbers set is closed under multiplication operation. 


Find the result of the following 


a) 2-30-50 
b) 3+4 
с) 11-40 
d 5 (423i 
) P: = 31) 
e) (1+1) +l =i 
14 
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a} (2-313-51)-16-15)4-(-10-93 


=-9 — 9i 


Or the result can be reached by distribution : 
{2 — 3103 – 51) = 6 — 10i — 9i + 15i? =-9 -19i 
b) (3+ 41)2= 9 + 24i 1612 
= 94+ 241 — 16 


= 7+ 24i 


Or the result can be reached by distribution : 
(3 + Ai = (3 + 4) (3 +41) =9+ 121+ 121+ 167 
= (9 – 16) 4 (12 + 12} 


=—7 + 241 


с) 1141)-1417--41 
5 "- 15, 
4) ЕЮ 
e) (Ll +i? +U -iy =(1 + 21+ 7) + (1-24-15 


=21+ (-2i) = 0 


Ус. ec, € C 
Multiplication aperation of the complex numbers has the following properties : 


- Commutativity : c, x c, 7 c, x e, 
Associativity : сух (c4 x c4) = (сух e) x e 


. The Multiplicative Identity which is ( 1 ^01) = 1 


15 


COMPLEX NUMBERS 

The Multiplicative Inverse : 

exe = (1+ 01) whereby 41 ЕС, Ус= (0 +01) 
с с 


i.e. each complex number с other than zero has а multiplicative inverse 


1 that belongs to complex numbers set. 
с 


For example ; 
3*i is conjugate to number 3-1 and vice versa in correct, also (1) conjugate is (-1) and the 
vice versa, 


5-41 15 conjugate to 5-41 and the vice versa, also 7 conjugate is 7. 


The conjugate, as appears from the definition, satisfies the following properties : 


с іс, тің Ес; 


If 


c;71H , сі-3-21 „then , check : 
I) а =e, іс; 


2) Oty =o, 


Solution 


) ¢ +e =(1+1)+(3—2) 


= (4-1) =4+1 
с “са =(1+1) (3-21) 


-0-1)-(3-21)-4-41 


C tC. =с| жс; 


6 76; =C 7€; 
2) сс, =(1+i) - 3-21) 
-3-2i43i 2 - 5-i- 5- i 
с=с; = (1-1) (3- 2i) - (0 -)(3 21) 


z(342)4(2-3]5 =5-i 


* 


Су-65 =e; 6; 


17 


Еха L iple 9 


Find the multiplicative inverse of the number с=2-21 and put it in the standard form of 


the complex number. 


The multiplicative inverse of number c is — 
c 


|. 1 010 зэ зээг 24206 11 
© 2-2 2-21 2-2 4+4 8 4 4 


Example 10 


f Тэг , me are conjugated, then find value of each x, у е К. 
i * 3i 


Solution 


шин 1 2 3-2 жи 


i +i “1-8 
xi yi? -3-15i— 2i 107° 
зі-у--7-іІТі 

ХХ -17 “ҮЛЭГ 


у=7 
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Exumple 11 


ЇГ о-3-1 ‚М the prove that: 


Ry Ч 


solution 


Е 141 


Тө divide the complex number c, to the complex number c, where с, ғ 0, we multiply 


с 
the numerator and denominator of the Pd by the conjugate denominator , then : 
2 


с 
із U; 49 


COMPLEX NUMBERS 


Write the following in the form of ahi : 


a) БЫ 5) Lust Р PESE 
І-і 3+4i 241 


Іні Іні ізі ей о. 
—=—— — s — =|1=0+1 
1-1 1-1 іні 1-1 2 


а) 


2-і 2-і 3-4 6-8-3i-4^ 2-Ш 2 п, 
3%4 344 3-4 9416 25 25 25 


x? +у? сап be analyzed to product of two complex numbers, each has the form of a+ bi : 


ху = х2 у= (x — у(х + yi) 


Example 13 


Analyze both numbers 10, 53 into product of two complex numbers in the form of a + bi 


where a, h are rational numbers. 


10-149 10= 9+1 
= 1 92 -9-8 
-(1-3 143!) or =(3-i)3 +i) 
53 =4+ 49 53 = 49 + 4 
=4 ад = 49 — 4i? 
= TWEETY wf = (72107 + 2i) 


20 


un 


Exercises (1—1) 


Put the following complex numbers in standard form : 
|,15,195,,99 МІ үрлеу, (2 + 31) + (12 + 21) 
1241 3+4 

| ^3-4i 


3 
| 2431 ізгі 3. 
юм БӨ | ы адаг? 
2431 1+1 i—i 4+1 


(10 +3000 + 6i) , (1+1) (1 1), 


Find the value of each х, у that satisfies the following equations : 


a) yr Si= (2x + ix + 21) 


= 


| = {x+ Ziy +20 +1 


г) очта 
Ізі 


20441 3-1 | 
d) ——%+——ү=-— 
[+i 2-1 i 


Prove that the following : 
| | $ 


= 


2- (2-1) 25 


П) 


(- ey. 
ізі 1-1 


а)-(1-111-1“Х1-2)-4 


hi 


-2 


Analyze each of numbers 29, 125, 41, 85 to product of two complex numbers іп 


the form of a+ bi where a, b are rational numbers. 


Find value of real x, у if, к.а ^ 223 are conjugated. 
| x+yi 2-і | 


21 
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You have learned that if (a) is a real positive number, there are two real numbers, which are 
t/a, both satisfy the equation х2 =a and it is called +з ‚Ше two square roots of the number 
(a). But if a= 0 , it has only one root which is 0, Now we will study square roots of the complex 
number : 


Example 14 


Find the square roots of c = 8 + 6i 


S Lu tor 


Let the square root of € be x * yi 


5 (x yi) - B4 6i 
=> x +2хуі+ Гу? - 846i 
=> (x!- y!) 2xyi 2 84 6i 


К р Ваа) 
The two complex numbers аге equal . 


2xy -6 Sys ызы 


442) 


Then substitute equation 2 in 1: 
val 
х? - B -8 
x 


9 
x — =A Multiplying product of two sides by x^ s d: 
х 


= х1-8х7-9-0 


= (x! -9yx^ 4 1)20 


=> х=+3 or (х? --I) is neglected because xe В. 


22 


Then we substitute in equation 2 the value of x , we have : 


13 
уе2! 


қану Som 


i.e. roots of number (c) are 3-41,-3-1 


Example 15 


Find square roots for : —25, —17, -i, 81 


a) Le «1--25 
0804-25-84 251 = 45i 


b) Let c? = 17 
с = +4/-17 = кті 


c) Let (X vl) is the square rool for —i 


a (xy) = = x5 -2xybP y^) = 0-7 
xb Vae seus (1) 
2ҳу= – 

утте 


23 


By multiplying both sides hy, 4x? #0 we have : 


4x4-1=0 


(2х2-1) (2x7 +1) =0 


Either x? = E (it is neglected because x Е В) 


| 
Or x та by substituting x value in equation (2), we have : 


Le 1] 
“БЕ 


| | 
ica eon us 1| 1 
әсі EE 


A 1 | 
. Square roots of —i аге: E 
42 02 
d) Let x * yi is the square root for 81: 
л += zxt-2xyy^-0-*8i 
х2 —у?=............. (1) 
2ху = 8 


4 
т (2) 


Hy substitute equation (2) in equation (1) we have : 
з 16 
Х-----) 
x 

Multiplying both sides by, x? » 0 produces : 
x'-1620 = (х2-41х2-4)-0 = 
Either х2--4 (neglected because хе R) 
Or X4 = x22 


24 
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Ву substitute x value in equation (2) we have : 


You have learned in intermediate stage that for the equation. ах? + bx + c 0 (whereby a #0 


and a, b, e e R} have two solutions in the Quadratic formula : 


КЕСТІ 


2а 


You know that ifthe discriminant value 6" — 4ас із negative, there is по real solution for the 


equation.Bat , there are two solutions in the complex numbers set. 


Example 16 


Salve the equation x! + dx 5-0 In the set of complex numbers 


According to the quadratic formula : 


xs ci 22 -4 _ At HN 


_ 4+ 6-20 -4514 
L ЖЕ 


4+2 


-1Ы 


i.e. the equation has two roots -2%і,-2-і 
The solution set is { -2 +1, -2-i} 
25 


Using the quadratic formula , we see that both roots of the quadratic equation 
ax? bx + e = 0 whose coefficicents are гей are : 


NE b! —4e : в дас 


1 Ja 3 3 2а 


Addition of roots is : x, * X7 = 
a 


Product of roots is: хү. Хул 


These properties сап be useful, as follows : 


First: tf x+yi.y #0 - was one of the roots of the equation, ах? х с-0, aed 
а. СЕК, then, х-уі is the other root. 
Second ; Division of both sides of equation, ах? + bx + c 7 0 by a0, we have : 


dabatlzo wee 
a а 


x) — (the sum of two roots) х + product of two roots = 0 


26 


Example 17 


Find the quadratic equation whose roots are + (2 + 2i). 


Solution 


Sum of tworoots: (2+ 2i) *(-2- 2i) = (2-2) &(2- 2i - 0 
Product of two roots : (2 + 2-2 - 2i) = -(2 + 2i 
= -(4 ^ 81+ 4i?) 


--8i 


. The quadratic equation is: x^ — 0х + (8i) = 0 
= x-B8i-0 


= = Bi 


Example 18 


Find the quadratic equation whose coefficients are real and one of its roots ік 3— 4i 


The coefficients are real and one of the root is 3—41 
The other conjugate root is 3 + 4i 

Sum of two roots = 6 

Product of two roots — 25 


The equation is: х2 6x + 25=0 


27 


Exercises (1-2) 


Solve the following quadratic equations and show which has conjugate roots? 


a) 22--12 b) :12-3:5341-0 
с) 277-52 + 13 = 0 d) 22+ 22+ 2—1) = 0 
e) 4258-25-01 П 22 251+ 3 = (0) 


Find the quadratic equation whose roots are m, L. where : 


в) -1-4-2,5Б-1-1 


b m= 22! , L- (3-2)? 
1+1 


Evaluate the square roots for the following complex numbers : 


a) -6i b) 7+ 24i di cm 


What is quadratic equation of a real coefficients and one of its roots із: 
М2 «3i 


Түй hj 5-і е) 4 


If 3+1 was one root for equation x ^— ах + (5 + 51) = 0, then what is the value of 


а e С? and what is the other root? 


28 


Let =1, then: 22-1720 2 (z- Iz**z41)-0 
Either = 2-10 => х= | 


Or = v+z+1=0 


To solve the equation 222+ ] = 0 we use the (Quadratic formula) : 


a X) 
Jiva £43 ct 3, 


x 
2 4-4 


i.e. the cubic roots for positive integer | аге: 


Square of any of the imaginary roots equals the other imaginary root when conjugated (check 101). 
If one imaginary root is w (Omegn) , then the other root is w° Therefore, the cubic roots of 
integer | 18 written as : 


These roots satisfy the following properties : 
| l*aetuoe-ü 


2) wel 
From property 1, we get the follawing : 
ІІ шіші--іІ 2) 1+0=-07 3) 1+“ =-ш 


4) =—<1—=ш2 5) № 41-40 6) 1---05 


From property 2, we get the following : 


a^ -05,4-1.0-4 


29 


ы Uu [Г NE" 
= ш = —=0 
о wa lo w 


These values are repeated the as the exponents increase by (3) consecutively : 


ot f. Where n is an integer, r= 0, 1,2 


Example 19 


Evaluate : 027, 227, «7 
gH age z ata 
d gx mulca 


875 -gX 2992 21 60-04 


30 


Frove that : 


a) i] 4120 


b) (5530-30 =-4(2 + 2m) = 4 


a) LH8 2 à + 05+ | = об 0+0, 07+ 1 
=a+o7+1=0 =RHS 
(According to property 1) 


b) the fistamount= (5+ Зо + 367) = [5 + {о + Ту]? 


=[5-3р= (01 =4 


Also 
the second amount = —4(2 + w + 2079 =—4[2(1 + e) + о]? 
=—4[—2 + e]? = Ao] 
z-4(-1)z24 
х (5530 + 3a = -4(2 + о + 2o =4 


Example 21 


Find the quadratic equation whose roots are : 


a) l-i, l-i 


2 
b я 
1-0 1-0 


3l 


а) Sum of two roots 
(1 — ic?) + (1 —i@) 
=2- (о? + e) 
= EI 


=1 


- the equation із: х^—(2+1ух+1=0 


b) Sum of two roots 


2 2 12-2042-26 
l-0 1-02 1-w'-o«uw 
_ 4-2(0 o) 
2 - (m0) 
к.” 
3 


4 
‚ һе equation is: х2-2х- гэж 0 


32 


Product of two roots 
(1 — ie) (1 — №) 

= 1 ію – ic + Po? 
= 1 (о + ®°(—1)(1) 


Product of two roots 


о NEN 
(1-ә)(1-ө7) (1- a) (1-7) 


4 4 


a ЖЕШ 
I- ww +1 


4 4 4 


+m) ӘСІ 3 


Exercises (1-4) 


1. simplify the following expressions : 


a) m4 bj 627325 


1 
ШҮТЭЭН d) (1+ ayt е) wt, ne м 


2. Find the quadratic equation whose roots аге: 


йй ғ 
а) 1+ 2, 1+0 hi кот 
2-ш 2-0 
1 -3o 
е) ЖЕСЕ + та 
б 1 
1+3210 381! 
3. № z-z-1-0 then evaluate этат, сту: Оа 
1-34 -3x 


4. prove that : А 
1 -) | 7 a +@7-1 2 
260) 240 


а) 


ә (1- a Сазы d) (1+ 02у +а+ев=-2 


33 


ЇГ E? or R represents the orthogonal axes Euclidean різпе, Ву corresponding each complex number 
x+yi where x, y е В, at the point (x, y) in E*, we get a corresponding application from E to R?. 
In this plane, we will geometrically represent some of the simple algebraic operation in addition 


and subtraction on E, which grometrically correspond to operations in E? or R7. 


In this section, we will address representation of some 
operations on geometrically complex numbers, whose 
shapes will be called Argand shapes (according to the 
scientist 4, В. Argand, 1768-1822, the plane is named 
after the wellknow German scientist С. F. Gauss, 


1777-1855 (Gauss plane) or for short, a complex plane. ақ 
Figure (1-1) 

The x-axis is called the real axis where it represents the real part of the complex number, as for 
the y-axis, it is called the imaginary axis, which represents the imaginary part of the complex 
number. Consequently, the complex number x > yi, is geometrically represented by (x, y), see fig. 
(1-1) 

If z, =x, УЕ, z, 7X, + уй were two complex numbers represented by points Р(Х» У), 
Р(х, , У»), then : z, + 2, = (x, + Х,) + (y, + Yahi. 


Also, z, + z, can be represented by P,(x, + ху, y, + уу! using information related to the vectors as 
in fig. (1 — 2) 


i.e. Пр, + бр, = Op, 


The complex number х + vi сап he represented by y 


vector Ор, so, the sum of two complex numbers is the sum “тэрэн 
of two vectors. 2 


Figure (1-2) 
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Considering Р, represent the complex number —#,, then Р, is the result of OP, rotation ап 0 by 
half-round this : z, — 2, = z, + (-z,) 


This is cuopled whit point P, whereby OP P,P, is a similar to а parallelogram OP, Р.Р, as in 
fig. (1-3) 


РА г 
Ё ша. Ч Ж 
Дер" n 
Р.Г-г:1 


Figure 11-3) 


Let k be a non-zero real number. # is a complex number, the point represented by kx can 
be obtained by dilation at center Ї and К is constant coefficient. 


Each complex number z, the point iz can be obtained from anti-clockwise quadrant period. 


Represent the following operations geometrically using Argand shape : 
a) {3+ 4i) - (5 421) М (6-2)-(2-5i) 


Solution 


a) (3+4 + (5 +20 = 8 + 278,6] ! 

i { 2 | pna 
25344 = P34) ER. б» 
= | БЕ e" УІ 
2-5еді ыз) [һер И 
— = — | 4 = T “pas 

Mate that : ОР, + OP, = OP, is similar to sum of vectors = ық 
E ü | 8 


and OP P,P, is a parallelogram with diagonal . ОР, 
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b) 


(6-21) - (2-51) = (6 - 21) - (24+ 51) - 4 * 3i 
2--2%5і = Pjz)- P4-2,5) 


con mns 


| 
4 


--24 
Р НЕЙ = Рив, -а) 


Figure? -5 
-4%3% => Bo) =P,(4,3) ка 


Exercises (1—4) 


Write the additive inverse for the following numbers then represent these numbers 
and their addivite inverse as Argand shape. 


21-243 в z,7-1t3i ч z,71-i в 41 


Write the conjugate number for each of the following then represent them along with 
conjugate as Argand shape : 
z 5t + = +i 4 25-1-1 4 z, 7-4 


If 2=4 + 21 then, explain the following in the form of Argand shape. 


Z, Z, -Z 


If ox, "4-21 ,2,=1 + 2i then, explain the following in the form of Argand shape each 
of : 
-32,,22 QZQ— Z3. £j +7, 
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In the previous sections, we studied the complex number in algebraic form z = x + уі and 
Cartesian form z = (x, y), in thi s section; we will study another form of the complex number, which 


is called polar form and transform one to another. 


If we have the complex number z = x + yi represented by Pix, y), as in fig. (1 — 6), then (г, В) 
are the polar coordinates of the point P, where 0 represents pole and 0х represents the initial 


side, this means: 
= т (хдр) and r- || Opli 


The measure of 8 from Ox to üp is anti clockwise if the measure was positive and clockwise 
if the measure was negative, thus : 
Ríz) =х = tcosB ...... (1) 
liz) = y = rsinB ,..... (2) 


Where Riz) is the real part of the complex number z 

while На) is the imaginary part of the complex number 
r is called (Modulus of complex number). z. 

It is а non-negative real number and read аз “mod z" or 


z Modulus в ||| whereby; 
r= ||| = к” + у? : 


From both relations (1) and (2), we get : 


Figure 11-6) 


X 
cosh = M c 
т ЇЇ! 
" ¥ y 
$ji = = ——— 
г [zl 


As for Ө, its measure is called (argument of complex number), written 8 = arg(z) for short. 
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If 8 is argument of a complex number, then both 8  2nz, where n is an integer which becomes 


an argument too for the same complex number. 


Asfor B є [0,2x) signa] of complex number argument, it is called the principle value of the 


complex number, 


Example 23 — 
If z= 1+ «3i, then find the Modulus and the principle value of z argument. 


Solution 


— 
mod z=|lel| = ух +y = 143 =2 


л 
sinl = ini = uy We conclude that Ө in the first quadrant 


Example 24 


If z= -l — i, then find the Modulus and the principle value of 2 argument. 


Solution 


mod z = ||g| = 1+1 = 4? 
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х -1 
cost = 15 17 
|=] Ч2 


у a. | | 
sing = = We conclude that Ө in the third quadrant 
lad v2 = 
T CE 
arg(z) = п “ийг” 


Argument of complex number z = 0 is unknown because the zero vector has no direction. 


Modulus and the principle value of the complex number argument can be used to write the 
complex number z=x+ yi in another form called the polar form, as follows : 

X = reusi , у = r.sinü 

. z^rcosD + irsin = r(cos + i sint) 

or ж = |[z](cos(argz) + i sin(argz)) 


Where г = mod z = ||z|| . © = arg(z) is the argument for complex number z. 


Example 25 


Express each of the following numbers in polar form : 


a -2-2i b 243-2i 
al z-—2121 
modz = |[zl| = 4.4 -242 
E = 


cosh = 27. ЗО 
39 


The polar form of the complex number z is : 


z= ricos + 1 sin) 
Зп 


3 
z= 24/2 (cos > + i sin 


b 2154-21-12 
mod z 241244 - 16 =4 
22 43 
2050 = 4 “ЛЖ 


-2 -1 
sing = Ж = Эр B м the fourth quadrant 


The polar form of the complex number : 


z= A(cos ПЯ +isin Лу 
6 б 


Example 26 


Express each of the following numbers in polar form : 
а} 1 b) 1 е) = d) -i 
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Using the previous example, we conclude : 


| = (cosQ + i sint) 
=| = (cosm + 1 sinx) 


à; А etant 
Ї (cos 4 ашу) 


КЕКСЕ 
-i = (cos, тізіп”) 


Applying the previous conclusion, we can compute : 
З=3Зк | = 3(6050 + i sint) 


-2 = 2 х(-1) = {cos + i sinz) 


— Е 
5 7-317605 зип) 


71-27 ЇР 7( жы 
== |x {=F (cas; гашт) 


2 Жү can be written as z, = с050 + i sinB, х, = cos? + i sind 


Now we will find z,.z, in polar form 

Zz, жи, = (cos + i sinB)(cosb + i sin?) 
= cost.cos# + ісояВ.зіпф + i sinB.cost + 12 sinB.sint 
= [совй.спв@ — sinB.sin$] + 1 [cosB.sint + sinB.cost] 
= со + $} +i sini + $} 


If (Ф= Ө ), then the relation (cosO + i sin)? = 0820 + i 5120 


It can be proved as follows : 
LHS = (cosB + i sin®)? = {60520 + 21 910050 — sin“) 
= (cos^B — sin?8) + i(2&inB.cosB) 


= 20520 + 1 5120 = RHS 
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De Moivre generalized this relation and called De Moivre’s Theorem 


De Моге" Theorem 


For every В е [0, 2x) , пе М, then 


{cos + 1 sinB)" = cos n8 + 1 sin n8 


Proof (for information only) 
We will proof this theorem by method of mathematical induction, as follows : 
1, Let n=1, then the relation is : 
{2030 +i sinB)! = cos 19 + тіп 10 which is a true statement. 
1. Suppose kzl and assume the relation is true for each n =k 
ie. (со50 + i sinB)* = cos КЁ + i sin КӨ із hypothetically correct. 
3. We must prove that the relation is true when n=k+1 
- (eos +i sinB)**! = (6050 + i sin)! (саяй + i singt 
= [2050 ізін сов КӨ + i sin КО) 
= cos (0 + КВ} + 1 sin(B + КӨ) 
= бб (К + 190  isin(k + 1)0 
Thus, if the relation is true at n, that is: o=k,k21, itis also true at n = k + 1. This theorem 


is considered true for all n values by using mathematical induction method. 


Compute : (cos : nti sin лу 


Зл 


3 "USC ] "ME ^ 
-Ж + == = mmm Ge жән = | + -41 Hu 
i gs cun bain cxt cos E 1 sin 2 14—17) i 


Example 28 


Show that foreach n € №, 6 &€[0,2x) , then: 
{cosh — i зіп)" = cos nO — i sin nO 
43 


Solution 


LHS «(сой — i sint)" = [сов + (—i іт)" 
= [cost + i sin(-8)]" 
= [cos(-8) + i sin(-8)]" 
By making, ф = —@ the relation becomes : 
= [cost + | sint]" 
= cos пф + i sin пф 
= cos(-n0) + i sin(—n0) 
= cosnÜ — sin në ВНЗ 


QED corollary 
Corollar of De Moivre's Theorem : 
For every 8610.2л) пей», then 


1 
Yz =r" d k-0,1, 2, ., n-1 


Example 29 


Compute by using De Moivre's Theorem : 


(1 + ay!" 
т=]+| 
mod z = 42 , cosB Ы. gages I 
Z ‚СО ao" ИД => ос арі 4 


z= V2 (0057 +i “а т) 
(1-1! “2 "eos = сініп! 
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Ц Iz lix 


11 : 
= | нэн ЖИЕК; СРЕ т 
a2 — +1 —— j= 22 (oop —— +. inani 
(cos 1 sin 1 ) (cos 1 i sin 1 ) 


il 


ONE NE = ie Е И m"— 
-21(— +i p= 2420-5931: ):20330-32-149) 


(casB +1 sing)! = [cos(-B) + i sin(-B)] = (cos® — 1 sint) 


This relation can be generalized as follows : 


{cos + isin)" = cos nO — i sin nO 


Example 30 


Solve the equation X'* 1-0, хе С 


х#+1=0 = x'--I 
x7 = cost + i sinn 

1 
^ K= (созт + i sinn)? 


M Лл ‚. 22877 
= сря ———— t I ЕШ ------ 


Where k= 0, 1, 2 because it is a cubic root. 


43, 


i fr. K == 
Putting К=й. x)= cos in * — MT E 
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Exumple 31 


Find the polar form for : 


2 
(43 15 
Then find fire roots for it . 


^oluttor 


Let z=¥V3 +i, z is put in the polar form : 


|| = 4341 -2 
1 
cosB = 55 ‚ sing = > 
2 2 


22 = 4(сов = +i sin E) 
3 3 


ae 4 ke T ike 
| +i sin 
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Whereby k=0,1,2,3,4 because it is a fifth root. 


k=0,2,= Ateos- +i sin) 


к=, z= Үй нь 15 Цэн 


. län 
k=? » 23> Vi eoi ЕТ 


Кк=З„ду= Уй cos OF +i sin 2 


15 


к-4, 2-09 cos SE | - Va eos $E +i sin | 


Exercises (1—5) 


l. Evaluate the following : 


225% 8: igs Fl 
21 | cos—n+isin—rn b) | cos—n+i віп 
24 24 L 23 2. 
i. Evaluate by using De Moivre's Theorem : 
a) (1—1)? b) (V3 +i) 


22 Simplify the following : 
(cos 28 +i sin 207 


(0830 i sin 20 b) (cos +i sinQ)'(cosO — ising’ 
cos 30 + i sin 30! 


4. Епа the square roots the complex number  —1 + Ji using corollary of 
De Moivre’s Theorem, then the method described in section 1-4 


5. Using corollary of De Moivre's Theorem, find the cubic roots for the number 27i. 
6. Find the four roots for the number(-16) using corollary of De Moivre's Theorem. 


7. Find the six roots for the number( -64i ) using corollary of De Moivre's Theorem. 
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Chapter 2: Conic Section 


2-1 Conic Section 

2-1  Parabola 

2-3 Translation of the Axes for parabola 
1-4 Ellipse 


2-5 Translation of the Axes for Ellipse 


2-6 Hyperbola 
2-7 ‘Translation of the Axes for Hyperbola 


l'erminaologs 


_ Symbol or Mathematical Relation | 
ан e 
омана | ны 
a — — 
EESE — NN RN 
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2-1 Conic Sections 


In this section we give geometric definitions of parabolas, ellipses, and hyperbols and derive their 
standard equations. They are called conic sections. because its consist from intersecting a right circu- 


lar cone. with a plane as shown in Figure 2 - 1 


parabola 


Figure 2 - 1 


Hyperbol 
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2-2  Parabola 


Definition : A parabola is the set of points М(х, y) in a plane that are equidistant from a given 


(fixed) point Fip. 0) and fixed line р in the plane. 


The fixed point is called the focus of the parabola and the fixed line is called the directrix. 


Generally, the focus is shown by the letter ^p^ such that p > 0. 


In the given figure (2-2) 


МЕ = MỌ 4... (from definition) 


The point ^0" is called vertex of the parabola and the 


line which pass through the focus and perpendicular ta 


the directrix pass through it is called axis of parabola. 


In the coordinate plane, by using definition of parabola 


we can find the equation of parabola ан follow: 


Let Fip, 0) be focus of the parabola and the line р is 
the directrix of the parabola, Q(-p, v) is a point on the 
directrix such that МОТО and the point М(х, v) is 


any point on the parabola whose vertex is at origin. 
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9-р 


== Мк. у] 


{Agur 2-3 A} 
(same Figure 21 А| 


Е —— Y 
Гір, 0) 


According to figure 2-3 А from the definition of parabola. 


MF = MQ 
Vix p +(y- 0)? = Jie p (у-у) 
x? am 2px ері» у? = 4х? + 2хр+ p ағаны (squaring both sides} 


x -2px«p Фу -x^«2pxep! uuu... (simplifying) 


у* = dpr, vp» |... the equation of parabola, 
ELXIBT the equation of directrix. 


Try to find equation of parabola whose facus is on the 
negative x-axis by using definition of parabola in the 


figure 2 – ЗВ. 


(Figure 2— З} B 


ЭЛ 


' Example | 


Find the focus and equation of directrix of parabola y? = —8x . 


ошоп 


у? = -#х 
comparing two equations, 


y =-4рх 

тш»-4р--8 = 4p-8 = p=2>0 
Sa, р= 2 

F(-p, 0) = F(-2, 0) ...... focus of parabola. 


XB. X4 eu equation of directrix. 


Example 2 


Find the equation of parabola knowing that, 
a) Its focus (3, 0) and vertex at the origin. 
b) The equation of directrix 1Х-0-0 and vertex is at the origin. 


Solution | 


а) Since (р, 0) = (2, 0) = р=3 


у? = 4рх............. (Since focus is on the positive x-axis} 
=y=(4) (3) х = 12х 
=> у? = 12x .......... (equation of parabola) 


h) from the equation of directrix 


2x-6=0 > 2х=6 => х 3 


р-3 
y! =—4рх......... (why?) 
y 2C4M3x» -эуі--ІЗх 1.22... (equation of parabola} 


52 


Example 3 


Find the focus and equation of directrix of parabola y? = 4х then sketch it. 


Solution 


y = 4px | | 
comparing two equations. 
=4р=4 => p=] 
Focus Бр, 0)=F(1,0), х=-1...... equation of directrix 
үг = дк oy -12,/ж 


In order to sketch the graph of parabola we can substitute 


few points. 


x--| 
(Figure 2 — 51 
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у? -4рх, Ур>0.... equation of - 


if the focus is on the positive x — axis 
X — -p .... equation of directrix 


Ер, 0) 


y! -—4px , Үр>0... equation of parabola || : : 
if the focus is on the negative x — axis 
xp... equation of directrix 


By using definition of parabola find the equation of parabola whose focus is F( 43, 0) and 
vertex is at the origin. 


Solution 


Since Ғ(./3, 0) = Рр, 0) 
p= J3 and equation of directrix is х=-р => x= -43 
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it 
Let M(x, y) be any point on the parabola and 0-3, y) is a point on the directrix ( D ) such that 
(53 


МО 10 

From the definition of parabola 

MF = MQ 

(х-ы! et - 0)? = Дх + BF + (у-у)? n (squaring both sides) 
(x-43y уг 2 (x 43y 

х2-2,3х434у!-х7-2,х-3 ....... (Simplifying) 


у? zd x uus equation of parabola. 


х=- 
(Figure 2-і) 


In the coordinate plane, by using definition of parabola we сап form the equation of parabola as 
follow: 


Let Е(0, n) be focus of the parabola and the line D is the directrix of the parabola, Ох, —p) is a 
— 98 
point on the directrix such that MQ L D and the point Міх, у) is any point on the parabola whose 
vertex is at origin. Іп the figure 2 - 7 — А 


According to figure 2 7 — А from the definition of parabola. 
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MF = MQ 
lx -0Y (ур) 2x к) +(у-+р)?.......... (Squaring both sides) 


х? e(y- p) - (pf 


x? + у? —2ру+ р? - у? +2py+ р” темен {simplifying} 


xte py, Vp 0 |... the equation of parabola. 
— the equation of directrix. 


(B) Ги 


(Figure 2 – 7) 


Aye Catton) 


Try to form equation of parabola whose focus is on the negative y-axis by using definition of 
parabola in the figure 2 — 7 — B. 


2 PNE 
х =4py, Y p 0... equation of parabola 
Rp "A | if the focus is on the positive y -axis 


F(0. p) 
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у=-р.... equation of directrix 


x^ = —4ру. Ур>0... equation of parabola 


if the focus is on the negative y —axis 
үер... equation of directrix 


Е(0,-р) 


ИНЕ | лиг 


Example 5 


Find focus and the equation of directrix of parabola Зх? — 24у = 0) 


Solution 


3x* - Му-0 ............ dividing both sides by 3. 
=> х? у= 0 


—x =8у 
comparing two equations 
х2 = any 
4p=8 > p=2>0 
ЕО, p) = F(0, 2) 


y-7-p-y--2.....the equation of directrix. 
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Example f 


Find the equation of parabola knowing that, 
2) the focus Ғ(й, 5) and vertex is at the origin 
b) the equation of directrix у = 7 and vertex is at the origin. 


ь 11111517) 


а)  F(ü, p) = FiO, 5) 
=> р= 5 
хі-д4ру ....... (Since focus is on the positive y-axis) 
x? =(4) (5) у 


ҳ?= 20у ........(the equation of parabola) 


hj Since y= 7 ........... the equation of directrix. 
a p=l 
x*'--4py (Since focus is on the negative y-axis) 


x! = (4) Ту 
х? = -28у ...,....{the equation of parabola) 


Example 7 


Find the equation of parabola which passes through the points (2, 4) and (2,-4) and vertex 
is at the origin, 


Solution 


Since the points (2, 4), (2, -4} are symmetric with respect to x-axis. So, the equation is 
у: = dpx , Чрэ0 
We substitute one of the given points which satisfies the equation of parabola y^ = 4px 
for the point (2, 4) 
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4° = (4) р (2) 
lo=8p => pz? 


We substitute р=2 in standard equation y? 


у? = (4) (2)х 


= 4рх 


a yès ix 22222216 equation of parabola. 


Example 8 


Find the equation of parabola whose vertex is at the origin and the directrix of parabola 


passes through the point (3, -5). 


Solution 


There are two possible cases for the parabola. 


|I" case (focus belongs to x-axis) 


x 73 ..... the equation of directrix. 


р-3 

fa 

ЕТЕР à 
у> = –12х 


1154 case (focus belongs (о y-axis) 


y 7-5 ..... the equation of directrix. 


р-5 

х? = Ару 

x? = (4) (S)y 
x? = 20у 


у= -5(PÀ съш 


ші сасе) 
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@ Is the equation parabola whose focus is on the x-axis and vertex is at the origin. (0, 0) 


ө Is the equation parabola whose focus is on the y-axis and vertex is at the origin. (0, 0) 


If the vertex is at point Oth, К) then the standard general equations of parabola will be 


@ 18 the equation of parabola whose vertex is at the point O(h, k) and its axis is parallel ta 
x-axis in the Figure 2-8, 


Before After 


ЦОЛ" 


яв ла ба хайс нь аж ue н 


=| 


х= р 


(Figure 2 — E) 
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We can conclude the changes of parabola after it is translated, 


In the equations (3) and (4) p is the distance between the vertex © and focus F which is equal to the 
distance between vertex and equation of directrix such that p = |Q ~ hj. 
If the focus of parabola is on the negative x-axis, as in figure 2 - 9 the equations will be as follows, 


(Figure 2-9) 


In the section 2-3 (Translation axes] we are going to finding focus and vertex of parabola and 
equation of directrix, equation of axis of parabola. 
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Example 9 


In the given parabola (y + 1)? = х — 2) find the vertex, focus, equation of axis and 


directrix of parabola. 


(у – К)“ = рх - h) | | 
comparing two equations 
(y «1 = 4(x—2) 
= һ-2,:--І 
the vertex (h, К) = (2, -1) 
Since 4p=4 > p=! 
Fip +h, k) = FUL + 2, 21) = F(3, -1) ....... focus 
уз 
у=—] uus . the equation of axis. 


х= + = хз-142 


R= uus the equation of directrix. 


(4) is the equation of parabola whose vertex is (h, К) and its axis is parallel to y-axis in the 


Figure 2-10. 


(Figure 2 — 10) 
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If the focus of parabola is on the negative y-axis, the equations will be as follow, 


Example 10 


Discuss the parabola v = x^ + 4x 


Solution 


We add 4 to both sides to make right side complete (perfect) 


square 
y*t4-xl-4x +4 = (x + 2y 


(x2) =у+4 


(x - hy. «4p y - K) 
=> Юз-1,Кз-4 


comparing two equations 


the vertex ig (h, k} = (-2, -4) = 4р-1 


+ ИН. k - pl 


{Figure 2-11 


l 


xd xin 


(Figur 2 - 12] 


- EA = : ; 
=  Fhptb-FCi у + (C4)-F -3 2 у... focus 


1 і 
= у-Е-р = дийн ийг: = y= qo "инж OF rect. 
=> к= 
m х=—-2 uus equation of axis of parabola. 
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Exercises (2-1) 


|) Find the equation of parabola in each of the following , then sketch the graph of each of them: 
a) Focus (5,0) and vertex 1s at origin . 
5) Focus (0,-4) and vertex is at origin . 
с) Focus (0, Jt) and vertex 1s at origin 
d Equation of directrix of the parabola is 4у-3=0 and vertex is at origin 
21 In the followings , find focus, vertex equation of axes directrix of parabola: 
ajay үз -4(х-2) e) у +ду+2х - -6 
b)2x*l6y =0 d) (x-1 7 =B8ly-1) Е! x + 6x-y=0 
21 Find equation of parabola which passes through the points {2.-5 ), [2 -5 |, and vertex is at origin . 


4) If directrix of parabola passes through the point (-3 4) and vertex is at origin , then find its 
equation when its focus belongs to one of the axes. 
5) A parabola whose equation. Ax'+8y=0 passes through the point (1 2), find value of А then find focus, 
directrix and draw the parabola. 
6) By using the definition. Find the equation of parabola in each of the followings: 
n) Focus (7,0) and vertex is at origin . 
b) Equation of directrix y= 43 and vertex is at origin. 
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1-4 ELLIPSE 


An ellipse is the set of points in a plane such that the sum of the distances from two fixed 


points (i.e, two foci) іп the plane is a constant number , 2a. 


The foci of ellipse ате Fi (c, 0), F,(-c, 0) and the у 


constant number 15 24,420,с20. 
The midpoint of the segment between the foci is called Pix. y) 
center of ellipse and the line which passes through the foci 


is called focal axis. the points where this line intersects 


ж 


the ellipse are called vertices of ellipse. The axis which 
contains the foci of ellipse is called major axis and its 
length is 2a such that also its equal to the sum of the 
distance between any point of ellipse P(x, у) and foci 


: ч [Figure ®— |21 
of ellipse is 


| PF, +PF,=2a 


The other (small segment ) axis is called minor axis and its length is 2b such that b > 0 and 
the end points of minor axis is called “co-verica” of ellipse. 


. ТУ дал! 
— de e iat я 
212 ГТА 
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From Figure 2-14 


РЕ, + ВЕ, = 2а Шш. definition of ellipse 


= Vx - c? -(y- 0) (x cy -(у-0у = 28 

5 J(x-cy +y? =24-\ хъс) уг. squaring both sides 
=> (х-су жу? =4a? -4а (хэс y! (хс) y! 

=> xi-32o cc y! = aa! dagite) ey! эх! + 2ex ecl y! 
= 4a (x cy. +y? =4a? +4ex w dividing both sides by 4 
> аус «y. =a" +cx .. Squaring both sides 


ax? + 2cx t c? + y^] = at + Ia er + с2х? 


ax? + Detox + atc? + ety? = at+ Alest сік! = simplifying 


n2x? — 6252 + а2у2 — gt — ale? 


rta? — c?) + агу? = а (a? — c?) шаш 


LC ЖЕ. | 
and | еу е" Jis main formula for ellipse by substitutig 


х2 + ау? = a?b? _.... by dividing both sides Бу a*b? 


рар (3) in (1) 


xb а?у? азы 


— шеші 


j — + = = 
ah ah ath 


coon Standard equation of ellipse. 


The value e —— is called eccentricity of ellipse and its always less than 1, e 25-48 
B а 
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In the Figure 2-15 


foci are on x-axis and center is at the origin and by 


using definition of ellipse we get the equation, 


Ал cllipse whose foci are on x-axis 


апа center 18:41 the origin 


By using same steps of the equation of cllipse whose 


{Тїшкє 2-15 | 


An ellipse whose foci are on y-axis 


and center is al the origin 


1 1 2 2 
E: T ат =] .... (the equation) ЇЕ + = =] ... (the equation) 
Fc, 0), Е.(-с, 0) ..... (Тос) Е((0, с), F,(0,-¢) ..... (foci) 
V (а, 0). У,(-а, 0) .... (vertices) V (0, a). Yat, -а) .... (vertices) 


4) += 
5) а>са>В 

0) the length of major axis is 2a 

7) the length of minor axis is 2h 

8) the distance between two foci is 2c 


9) Area of ellipse А = ab т 


Гр 
а +h 22 
10) Perimeter of ellipse Р-2л S == 
T қ с a+b? 
11) Eccentricity of ellipse e=—,e<I , B 
4 а 
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For each of the followings, find the length of both axes, foci, vertices and eccentricity. 


3 2 
1 x ada 2 Ах! +32 = 
25 1 У 


м 2 
1) x of 


25 18 5 + 
cormpsrning two equations 
х^ ҮЕ. such that a =b 
а^ bi 


> al-25 = a=5  2a-2(5) =10 Units... — length of major axis. 
- bel = bsd 5 hes? (4)28 unit у... the length af minor axis. 
а2= 2+2... main formula 
= ЗЕЕ 5 = 75-16 20-9 5 с=3 
F (3, 0) „РЗ, 0). ...... foci of ellipse 
VA. 0), V.(—5, 0) ..... vertices of ellipse 


(= 3 «] ..... eccentricity of ellipse 


|: 


2) 
4 : 
4х E быс multiplying both sides by — 
4 2 
Ж оо. 
Tee 
2, 9y" | 
Зх = = 3 9 comparing two equations 
x? y 
—+ += =l such thata>b 
b а 
4 ri 4 
сг = вт = 2-2 units ,.... the length of major axis. 
b? , h 2h 5 i the length of mi 
Emu = = лт ЕЕ... i 3 
2 = Л = A units e length of minor axis 


68 


t |= 
л 
— 
е 
Я 
ті 
= 
Е. 
= 


Example 12 | 


Find the equation of ellipse whose foci are Е (3, 0), F,(—3, 0) and the vertices are У,(5, 0), У,1-5, 0) 


and center is at the origin. 


Solution | 


Since foci and vertices are on x-axis and center is at the origin, 


РА 
x^ „2 


=== =] 


ü Б 
Е,(3, 0), Е,-3,0) = с-3 
У 5, 0), Y (-5. 0) > а=5 


а2 = ptet un main formula 
ebt F = b'-16 > b-4 

Е 28 ET UNT a the equation of ellipse 
гор латы 


Find the equation of ellipse whose center is at the origin and its coordinate are on the two 


coordinates axes, which intersects x-axis by 8 units and y-axis by 12 units. Then find the 
distance between two foci and the area of the ellipse's region. (and perimeter) 
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81111114 11) | 


28-8 
20-5-51-4,2:-11-:54-0 г 3 = 
Ї y i 
2-44 ; | 
E В 
im] "тре ; 
4 6 Го БАЙ | 
2-2 if a : 

=® —++—=| |... the equation of ellipse р 

16 36 ЗЭР! 


82 = 02+ => 04547 


= сі-20 > c= 25 


the distance between two foci с> 2c = 4% units. 


(Figure 2.17) 


Area of ellipse = A = абл 
: 22 
= А= (6) (4) п = А=24л ши square » шиг 


а2 +62 | 
Perimeter of ellipse = P= ү 


: [57 
=> P= 2x = 2m =2 26 л units 


Example 14 


Let kx? +4y?=36 be the equation of ellipse whose center is at the origin and one of its faci 
is (5 , 0) then find the value of Кен. 


Solution 


kx? + dy? =36....... (+36) 


From the focus | 4A ‚ 0) 


= с= 43 => сі-3 
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Ей 

ad ca] 

36 9 

k comparing two equations 
1 1 

— 

a b 

sa -2 ud. 3s) 


a =b +i? .......(2) 


by substituting (1) in mŽ-93 = 5-12 =k=3 


Example 15 


Find the equation of ellipse whose center is at the origin, foci are on the x-axis, and distance 


between two foci is 6 units, and difference between the length of the axes is 2 units. 


! Solution 


Since 26-6 => 6-3, 2a- 7b- 2 > a-b-1 > a-b * 1... (1) 
ПирЕ uu by substituting (1) in main formula 

+10 = +2 = bE-2b-1-b'4c => №+1=72 = b-4....(2) 
by substituting (2) in (1},a=b+1 ->а-4-І = а= 5 


31 25 16 


2 Ё T: ^ 
A. X LY =1.... the equation of ellipse 


Find the equation of ellipse whose center is at the origin, one of its foci is focus of parabola 
y. 12х = 0 and the length of minor axis is 10 units. 
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^ülutior 


y:— 12х = 0 


y! =12х 
‚ comparing two equations. 

y! = 4px 

=> 12х=4рх 2 4р= 12 = р= 3 
F,(3, 0), F4[-3, 0) ...... foci of ellipse. 
Since c= 3 = «2-9 

2b = 10 ....... the length of minor axis. 
=> 6=5 > P= 25 


aspita? uau main formula 
=> 35-2549 = ві = 34 
х! у? 
—4—z] 22 the equation of elli 
M 25 Ч ла 


Example 17 


By using the definition of ellipse, find the equation of ellipse whose foci are Е (2, 0) and 


F,(-2, 0) and constant number is 6 


F solution | 


Let P(x. y) be any point on the ellipse. 
PF, + PF, = 2a ....... definition of ellipse 


= dix - у - 4(х--2) уг -6 
Jx- 2 +y? -6— x «2 + у? ....... squaring both sides 


= (к 2) «y! -36-124(x «2 « y! ex 2) жу? 


у 


= x5-4x (4 y! 236-I2u(x 4 2 сү? x3 4x tdi y? 
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3) 


4) 


12,(х +2) +y? -36-8x .... dividing both sides by 4. 
зх у +y? =9+2х ...... squaring both sides 


Wx? +4x444y7)=81436x4+4x7 


9x} 36x +3649)" =814 36x +4x7 


5x! «99^ =45 
«2 y! 
ГЭ + 2 =|... the equation of ellipse 


Plot the vertices V (а. 0), V.(-a, 0) on coordinate plane. 


Plot the co-vertices М,(0, b), МО, -b) 


Draw the curve which passes through the points V ,M,V.M, respectively. 


Plot the foci F (c. 0), Ғ.(-с, 0) 
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(2-5) Transition of the axes for Ellipse 


When the ellipse is translated from center (0, 0), h units on the x-axis and К units on the y-axis 
the equation of ellipse will be 


(x-hY 0-0, 
а? b 


Vim _ 
1 мэ 


In the figure 2 — 19 the major axis is parallel to x-axis and its length is 2а and Из equation y = Е. 


The minor axis is parallel to the y-axis its length 1s 2h and its equation x — h. 
But after translated the ellipse the foci will be В (ch, k), Fy(-e+h, k) and the vertices are 
V, (ath, к), Va(-a+h, К) 


When the ellipse is translated from center (0, 0), h units on the x-axis and К units on the y-axis 


the equation of ellipse will be 


1 1 
(x-hy | ty-k) 


b? а? 


=| 
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due 
amm alim 
E 


TV dh ан) 


(Figurr 2-20) 


Foci of ellipse аге В (0, ck) , Б(һ, -c+k) and vertices of ellipse аге Уһ, atk), Уз (в. а) 
The major axis 18 parallel tà y-axis, its length is 2а and its equation is x = h. 


The minor axis is parallel to x-axis, its length is 2b and its equation is у = К. 


In the Section 2-5 (Translating Ellipse) we are going to focus on only finding center, foci, 
vertices, (Poles) co-vertices, length of axes and equation of axes of the ellipse. 


Example 18 


Find foci, vertices, co-vertices, length of axes and equation of axes of ellipse then find the 


value of e. 


1 2 2 
@-2Р o. 
9 25 
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Solution 


| 4 А 1 
(х2) (-D* , 
9 25 


1 2 >- 2 
E-W Ok 


b* a* 


comparing two equation 


һ=2,К=1 = (h, k)=(2, 1) ....... center of ellipse 
ді-25 — a=5 = 2a- 10 units ....... the length of major axis. 
№ =9 => b=3 => 2b=6 units ....... the length of minor axis. 
at= bg => 25-9-4с2 = сі- 16 > с-4 

F(h, c--k) - R(2, 4+1)=Е (2, 5) 


М Ш Е foci of ellipse 
Е, (В, -¢ +k) = F,(2, - 441) = Ё,(2, -3) 


Vilh, a--k)- VQ, 51) - VQ, 6) 
vertices of ellipse 


Уп, -а+К) = (2, -5+1) = V. (2, - 4) 


(-b+h, k)=(-3+2, D) - (-1, 1) 

со — vertices of ellipse 
(bh, k)2 (342, D] 2 (5, 1) 
X72 .... equation of major axis. 


y=] ....... equation of minor axis. 


с 4 ыста : 
¢=—=—<] ...., eccentricity of ellipse 
a 
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Exercises (2—2) | 


|) Find foci, vertices, poles(co- vertices), and center, then find the length and equation for both axes and :с5 and 


eccentricity for the ellipses whose equations below: 


EI TE y қ 
arx +2y el ci а ' ши =i el — 95 + dey! -72x- Sor e 144 - 0 
b) x e EH3y "9117 @ (ea үе, PIO yeay dx 150y +204 = 0 
| 9 3850 


1) Find standard equation for ellipse whose center is at origin point for each of the following: 
а) Foci are the points (5,0)and {-5,0),length of major axia is 12 units, 
hi Fozi are (0,+2) and intersects x-axis atx=+t4 . 
с) One of two foci is far away from the ends of the major axis 1 and 5 units, respectively. 
di The eccentricity = and length of minor axis is 12 units. 
c) Distance between foci is (8) units, half of minor axis 15 (3) units. 

3) Using the definition find quation of ellipse if: 
») Foci are the points (0,2) , vertices are points (0,43) and center is at origin. 


bi Distance between two foci is (6) units, constant number is (10), foci are on the x-axis and center is at 


origin. 
4) Find the equation of ellipse whose center is at origin, one of two foci is the focus af the parabola whose 


equation is y +8х=0, if the ellipse passes through the point (248, J8 | 


5) Find ellipse equation whose center is at origin, foci are on x-axis, and passes through the points (3,4) , (6,2) 
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6) Find equation of ellipse whose center is at origin, foci are at intercept point of curve x+y -3x= lé with 


y-axis, and it is tangent to the directrix of parabola y^ = 121. 


T) Find cquation of ellipse whose foci belong to x-axis, center at origin point, length of major axis is twice the length оѓ 


minor axis, and intersects the parabola у +8x=0 atthe point whose x«coordimute is -2. 


8) An ellipse with equation Ar^ + Ду’ =36, center is at origin point and sum of squares of the length of its axes is 60, 


one of its foci is the focus of parabola whose equation y = 44/3: whatis the value of Jk ЕЮ? 


9) Find equation of ellipse whose center at origin point and one of its foci is the focus of parabola x -24y, sum of 
lengths both axes is 36 units, 


10) Find equation of ellipse whose foci Е (4,0], £ (74,0) and the point Q belongs to ellipse, such that the perimeter 


of the triangle GFF, is 24 units. 
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(2 б! 


Definition | 
The hyperbola is the set of points in à plane whose such that the absolute value of the difference 
of the distance from two fixed points (foci) in the plane have a constant aumber. 

In the figure 2 — 22 

F,(c, 0), Е-е, 0) and foci of hyperbola У (а, 0), V.(-a, 0) are vertices of hyperbola and the point 
Pix, у} is any point on the hyperbola and from the definition 


| JPFQ-PFj-2a | 


such that 2a is a constant number which represents the length of real axis of hyperbola containing 
the foci and vertices. The segments PF, and РЕ, are called “focal radius” drown from the point Р, 
The distance between two foci Fj, F- is equal to 25, 


The length of imaginary axis is 2b. 


(Fly 2—22] 


From the Figure 2 — 22 and definition of hyperbola, 
РЕ, —PF,| = 28 
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> PR-PF, =+2a 


= XJ(x-ey «y^ -4J(xcey «y^ = 


= (xe sy! = а (oec)! жу! 


By squaring and simplifying both sides as we did in the equation of ellipse whose foci are on 


x-axis and its center is at the origin, we get the equation 


From Figure2-22 ¢>a,a>0,c>0,c?-a?>0 
Assuming b* = с2 — a? and by substituting à? — 2 =— b? in the equation above, we find that, 


|. Standard equation of hyperbola, 
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Plot the points (a, О) and |-а, 0) on the coordinate plane. 


Plot the points (0, b} and (0, =b) on the coordinate plane. 
From the centeral rectangle which passes through these points as shown in the figure 2 - 29 


| Vía. 0) 


(Figur 2-74) 
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4) We draw the asymptotes through the diagonals of the central rectangle as shown the 


Figure 2-24 
5) Plot the foci Е, (с, 0), Ғ.(-с, 0) then draw the branches of the hyperbola as shown in 


Figure 2 - 25 


iFigure 2-23) 


Example 19 


3 s 
Find the foci, vertices, length of axes of hyperbola = - = =| and sketch it. 


Solution 


2 
хо. 

64 36 | | 

T comparing two equations 
EE. 

a! b 
4? = 64 => з= 8 => 2a-l6units ...... the length of real axis. 
12-36 > b=6 => 25=12 units ....... the length of imaginary axis. 


сё=а^+ҺЬ57 = f= +36 > c-100-2»c-10 
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Е (c, 0) - (10, 0) 


(е, 0) = EC-10, 0) 


| foci of hyperbola 


Vi (a, 0) = V, (8, 0) 

vertices of hyperbola 
V;(-a, 0) = №, (-%, 0) 
(0, b) = (0, 6) | 


(0, - b) - (0, – 6) 


Filo) * 


(Figure 2-20) 


Example 30 


Find the equation of hyperbola whose center [s at the origin, the length of real axis is 6 units 


and its eccentricity is 2 and foci are on x-axis. 


Solution 


Ja=6 => a=3 > 47-19 


es" => 225 5 с-6 
а 3 
=а + => 36 =94Ы = 1-027 
х? y? ‹ 
TE s standard equation of hyperbola, 
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Example 21 


Find the equation of hyperbola whose center is at the origin, the length of imaginary axis is 


4 units and its foci are Рү(0, 48 ), F,(0, —V8 ). 


Solution 


Since the foci are on y-axis the standard equation 15 


а? 
«Е, | 


5 л 
х ви 
tU М, uno 


й "e 
Pal 40.-2| ^. 


(Figure 2 —27) 


In this example, the length of real axis is equel to the length of the coniugate axis (i.e a^ = b^), 


tike this kind of hyperbola it is called hyperboliod right angled, because the fore points are 


formed square shape. The value of the eccentricity equal to ,/2 
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First: The equation of hyperbola Whose center is (h, К) and its real axis is parallel to y-axis. 


№ (y-ky _ 
ae 


As shown in the Figure 2-28 
Foci of hyperbola are Fí (eh, к), Fy(—c+h, К) 


Vertices of hyperbola are Vi(ath, К), Ya-ath, k) 2727 


(Figere 2-28] 


Second: When the hyperbola is translated h units on the x-axis and k units on the y-axis and real axis is 


parallel to the y-axis then the equation will be, = 


4 
- і ни 
"E аза «Ғы etk) 
ЕТЕТІН м 
= Viae 
2:3 - 
As shown in the Figure 2 - 29 № | 
| =. = БОЛ 
Foci of hyperbola are Б (h, c*k) , Fath, -c*k) 
Vertices of hyperbola are УВ, atk), Vah, ак} "та PT 


(Figure 2 - 29) 


In the section 1-1 we are going to focus on only finding center af hyperbola, foci, vertices and 


the length of real and imaginary axes. 
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Example 22 


Find the coordinates center, foci, vertices, the length of axes and eccentricity of hyperbola 


whose equation is 


+2 (-D , 
9 4 


12772: 


a b? 
comparing two equations. 
(2) (у-у , 
9 4 
82=9 = a=3 = 2a=6units ....... the length of real axis. 


2 =4 => b=2 = 2b=4 units ..... the length of imaginary axis. 


=» h--2,k-1 center (h,kp(-2,1) 


d= ab => с-д +4 > c= NIE! 


5 E(c«h Ю - EC3 -2, 1) 
Е M faci of hyperbola 
E;(-e--h, k) =Е {03 - 2, 1) 


қ Via+h, b= V (-2), 0= Vi I) 


u 22 2 vertices of hyperbola 
ү. (а +h, К) = М,(-3-41-2), l)e У.(-3, I) 
c= 5.08 >| ..... eccentricity of hyperbola. 
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Exercises (2-3) 


|) Find foci, vertices, length of both axes. and (eccentricity) for following hyperbolas: 
a) 12x. 45° = 48 сі уат) (к-р в 
8) 16х93 = 144 d) tex! +160х -9y e 18у = 145 


2) Write equation of hyperbola in following cases, then graph the hyperbola 
а} Foci are points( +50 |, intercepts with x-axis at x —£3, center at origin. 
^; Length of real axis 12 units, length of conjugate axis 10 units, both axes congruent on coordinate 
axes, center at origin. 
c} Center at origin , foci at y-axis, length of conjugate axis is 2/2 units, eccentricity is (3). 
3) Find wing the definition of hyperbola equation whose center at origin foci are 
(242 : 0) .(-2v2,0) ШЕ axes congruent on coordinale axes, and absolute value of difference between 
distances of any point from the foci is (4) units. 
4) А hyperbola with real axis (6) units, one of foci is focus of parabola whose vertex is at origin and 
passes through the points (1245 | 1 | L-245 | Find the equation of parabola whose vertex at origin 
and hyperbola whose center at origin. 


5) A hyperbola with the center at origin , its equation Jr} Jy’ = 90 , length of real axis 6/2. units, 
foci congruent on foci of ellipse whose equation is 9^ -16У = 576, Find value of hk which belongs to 
set of real numbers, 


6) Write equation of hyperbola whose center at origin if one of its vertices is away from faci by 1,9 
units respectively , Из axes congruent on coordinate axes. 

Т) Find ellipse equation whose foci are foci of hyperbola whose equation is X - Зу = 12, ratio between 
lengths of axes 18 : and center at origin. 

8) The point (6. E] belongs to hyperbola whose center at the origin and its equation х-3у = 12, 
find cach: 


5) L value. 


h) Focal radius of hyperbola drawn in the right side of point Р. 


9) Find hyperbola equation whose foci are ellipse foci ЗЭ эн tangents directrix of parabola 
whose equation х? +12 0 
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APPLICATION OF DIFFERENTIATION 4 rc by 


Chater 3: Application Of Differentiation 


Higher order Derivatives 

Related Rates 

Rolle's and Mean Value Theorems 

The first derivative teat for increasing and decreasing for a function 
Local Maximum and local Minimum 

Concavity of curves and inflection point 

The secand derivatire test Local Maximum and Local Minimum 

Graphing function 

Optimization (Maximum, Minimum) problems 


Symbol or Mathematical Relation ———— 


The approximate Change Rate | 
| | hf(a) ,h=h-a 
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APPLICATION OF DIFFERENTIATION 


Prephase: You had studied in fifth class when the function will be differentiable and you had known the 


rules to find the derivatives of algebraic and circular functions and phsical disniptions, 


In this chapter we shall take some concepts and some uses of applications to calculate differentiation . 


Let Y = fix] be a function satisfying the conditions of differentration then first derivative 15 


y= I = f'(x) represent new function, 
If this new function also satisfies the conditions of differentiation then second derivative is 
"E - 
у= lr) 
dx? 
If second derivative function also satisfies the conditions of differentiation then third derivatie is 
4: 


"= СУ ру) 
ах? 


Therefone, we can find higher — order derivatives of function which is written as 


qu. SE y = imix) ‚ПЕ? + 
dx" 
We can show the derivative of function by using the following symbols. 


(x), Г(х), P"(x), f(x), ..., х) 
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APPLICATION OF DIFFERENTIATION 


2 > 
KFF ou uus yín) 
dy ay dy ady adv 
dx d? dy dyt dx 


8-88 
dx? dx | dx 
y d [d'y 
dx? dx dx? 


Suppose an ohjecr moves a long a straight Line according tothe function $ =f (D), where (s) is the 
displacement (directed distance) of the object from orign at time (t) 


ж. ее Spip ; 
first derivative Fit = с which represent the velocity (instmaneous velocity} 


Ж 
and the second derivative 0) = E which represnt the acceleration , 


Example 1 


4 
ЇГ y=cos2x then find Чу 


| Solution 


ах? 


ns 251125 
dx 
4: 
= (-2).2 cos2x = - 4cos2x 
diy 

=—4(-2)sin 2х = 4 8 sin2x 
dx? 
КЫ 
ШУ =(2) 8сай2х = 16со82х 
dx? 
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< Ё APPLICATION OF DIFFERENTIATION 


у dy _ 


3 
If you know that y*+ x^ = 1 then prove poy 3---, ü 
di — dx^ dx 


We differentiate the both sides of the relation y? + x? = | with respect to x. 


ayy 2x =0 by dividing both sides by 2, 


then we differentiate both sides of this relation with respect to x. 


dar 
EX Ry dri 0 


di) dx dx 
d'y | [dy 

+= | +1=0 
T d E 


then we differentiate both sides of this relation again, 


3 д; А 2 
ay dy 2.2 52s» 


di dx Га 
3 2 

got 49x Si (Q.E.D) 
d — de Ф 
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APPLICATION OF DIFFERENTIATION тозу 


Exercises (3—1) 


1) Find it for the following 


a)yeqy2-x,vx«2 


h) у- 2-5 > X A-2 


с) 2ZXy-4y-5-Ü0.yszÜü0xz2 


2) Find f"'(1) for the following 


а) Ғ(х)-4У6-2х, х «3 


h) Г(х)- sin zx 


3 


T Fg 2-х 


X 


d , 2п lys 
3) If y=tanx , then prove that 250+?) whereby х үнд Ynez 


4) If y=xsinx, then prove y3-3--4cosx- 
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APPLICATION OF DIFFERENTIATION 


yz gi , x z fit) 


Where the two variables x , y are depends on variable t 


We can find the change rate of each of them as following : 


су 60 Change rate of y with respect to (t) 


Change rate of. x with respect to. (t) 


For example : The equation 


xu y- 4у + бх =Ü  wecanfindthechange rate x ‚у with respect to (1) 


d Ipan an Oy 
+y-4y +6 = 0 
Ч (х+у- 4у + 6х) if (0) 


2% X. og dy АЯ gt iu 
dl dt dt dt 
Then; Change rate of y with respect to (t) is E 
dt 
ч ; : dx 
Change rate of x with respect to (t) is Тары» 
ili 
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APPLICATION OF DIFFERENTIATION 


In order te solve related rate problems follow the steps the Strategy : 


(1) Draw a outline and name the variables and constants, use "t" for the time assume that all variables are 


diferentiable function of (t) . 


(2) Write down any numerical information. 


(3) Write down the relation ship that related the variables, 
(4) Differentiate both sides of equation with respect 11 (іше) 


(5) Substituting Known values in the equation іп мар (4) 


Water is dropping from polyhedron tank whose base is square with sides 2 meter at 


3 


а гаіе 0104 oss. 


Find rate of change of decreasing water level with respect to time. 


Let the volume of water in polyhedron be — v(1) at time (1), х =—(04....(Since water is decreasing, 


the sign will be negative) 


Let the hight of water level in polyhedron be h and we want to find rate of change of height 


of water level d 
di 


v-Ah  (Aisthe area of the base} 
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APPLICATION OF DIFFERENTIATION 


ves(2).(2).h 


=у=М...... differemiate both sides with respect 10 t 
dv 
——=4-— 
dt 
dh 4 
-0,4 24. — = — =- 0.1 mi 
à ^d is 


1.1 m/s is the rate of change of decreasing water level. 


Example 2 


А metal has a shape a rectangle with an arca 96 сп“. If its length increases at a rate of 2 cms 


such that its area will be constant, find the rate of change of decreasing in its width when the width is 8 em. 


ИИ 


Let x be the length of rectangle and y be the width of rectangle. 


rate of change of length is M = emis 


rate of change of width is л =? when у=А 
t 

А = ху 

9 = xy 


уни hex (К) 12 
96 = xy .... (differentiate both sides) wath respect to 1 
4(96) сай, dx 

dt dt dt 


ШЕ 

0-3--Фу- 
аа 

ü= 2% в (2) 
dt 
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APPLICATION OF DIFFERENTIATION rc 3, 


Example 3 | 
A solid cube with aedge 8 ст is covered by a layer of ice. If the ice melts at a rate of 6 em? / s 
and it keeps its shape then find the rate of change of decreasing of ice thickness when thickness is | cr 


Let x be the thickness of ice, We want to find z when x- l. 
(Volume of ice) = ( Volume of cube with ice) — ( Volume of cube) 
ЕЕ. т... у= (8+ 2x)? — #9 2.22. differentiate both sides with respect to (1). 


| OY Ұста. 
: di di 
|! 40-3(84210 (2) 


x95 anta 5 
dt 


ік 
dt 


1 
1 
1 
„ —ÁÀ— — | 
i - 
Б а 
D 


г. 0.01 cm/s is rate of change of decreasing of thickness. 


Exa т ple 4 | 


А ladder with 10 m length leans vertical a wall. The foot (base) of the ladder is pulied away at а 
rate of 2 m/s when the foot of the ladder is &m away from the wall, find. 


1. How fast the top of the ladder slides (move) down. 
2, Rate of change of angle between the ground and the ladder. 
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APPLICATION OF DIFFERENTIATION 


ШОП 


(1) Let x he the distance between font of the ladder and wall. 
Let v be the distance hetween top of the ladder and ground. 


Let 0 be the angle between ladder and ground (гай ). 


45.2. find > when х= 


By using pythagorean theorem, х2 + y? = 102 with respect to (t) . 


ix = $ => 8 542-19 у =36 > y - 6 

Differentiate both sides of — х2 + y* = 1 

924) - (104) 3 ax © 4 ay 20 

dt dt di üt 

By substituting known values in the мам above. 
(2).(8).(2) (2) (6). 2 = 02 2=-38 mis 


Е Te 3 
5 m/s is rate of change of sliding top of the ladder. 


(2) sin - = ES 4 іі) “ЖҮ = һо _ | oy 


By substituting cos 0 = I m NE mi lm 


10 10 d ша 


By substituting x = 8 and 2. we gel 
[ 


Lr. ats] 2, ai rads 15 гае of change of angle, 


97 


APPLICATION OF DIFFERENTIATION rc 3, 


Examples — 


A conical filter whose its base is horizontal and its vertex( head) is downward. Its height is 24 
ст, and diameter of its base is 16 cm. if the liquid is poured at а rate of Sem’ /s, while it leaks 
liquid at a rate of 1 cm/s. Find rate of change of liquid depth when the depth of liquid is 


12cm. 


Solution 


We assume that the dimensions af the liquid at amy moment be h (height) and r(radius). 
lë 


Let the volume of liquid at any moment be v(t). 


Oe ee rr RR 


In the figure at the nearby when we use tant or similarity of two 


triangles, we ёс! 


by differentiate both sides with respect to 1 


QE T 


= — JM яф — = — 
dt 2 dt dt 9 dt 


rate of change of volume of liquid = rate of change of pouring liquid — rate of change of leaks liquid 


1298 ду! p2 ab 


dv 3, | 3 dh 
5---4ӛ.|-дЯ | 4 = =al — 
di ms = гүй. ) di 
di 1. 
oe 
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APPLICATION OF DIFFERENTIATION 


Example 5 


Let M be a point moving on the parabola curve Y^ = 4x such that rate of change of the point 
M getting away from the point (7,0) is 0.2 ши. Find the rate of change of x-coordinate 


for M when x-4. 


Solution А 


Let Mix, у) be the point and N(7, 0) 
Let the distance between М and М be 5, 
$= dix - TP + (y-0y 

8-4 xl- axe 49+? 

By substituting y* = 4x then, 

S- - Mx 494 4x 

S= 4 х2- 10x 49 


Differentiate both sides with respect to (t) 


ds _ 2х-10 dx 


Y ju 1.49 © 


= 0.7 бы № 
10 dt 


d : 
== e us] unit/s 
di 
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APPLICATION OF DIFFERENTIATION 


Exercises (3-2) 


|) A ladder leans against a wall. The foot of the ladder is pulled away from the wall at a rate of 2m/s. 
How fast is the top of the ladder moving down when the angle between the foot of the ladder and 
ground is л/3 ? 

2) A pale of length 7.2 m has a light on its top. А тап of height 1.3 m is moving away from the pole 


at arate of 30 m/min. Find the rate of change in length of man's shadow. 


3) Let M be a moving point on the parabola кізу Find the coordinates of M when the rate of change of 
M getting away from the point (0, 3/2) is two-third of the rate of change іп y-coordinate of point М. 


4) Find a points which lies on the circle x*+y*+4x-8y=108 at which the rate of change of x equals the 
rate of change of y with respect to time 71”, 


5) polyhedron its dimensions change so that it’s base keeps its squared shape, the length of side of 
the base increases at a rate of 0.3 cm's and its height decreases at a rate of 0.5 cm/s Find the 
rate of change in the volume when the length of side of the Базе is 4 ст and the height 3 cm, 


Before beginning to this section. (optional) 


Detinition 3-1 


If f function 15 defined on the closed interval |а, b]. then, 


ір Р has maximum value at c such that c є [a, b] if and only if с) 2 f(x). УХЕ [a b]. 


2) fhasminimum value at c such that c є (а, b] if and only if Re) < х), vxe [a b]. 
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оз) х APPLICATION OF DIFFERENTIATION 


GERI) corona 


lf f function 15 defined on the closed interval (а, М and f has maximum or minimum value at c such that 


се (a, Б) and f (c) exits then fte) = 0 


We will explane this theorem geometrically as shown in the figure below, 


Example 1 
Let f(x) = jej, EHI, 1] + IR 


As we see in the figure below the function f has maximum value at each of x = | and x = -1. 
And it has minimum value at x = Ù. 


f is not differentiable at x= 0 
па 
РОО) doesn't exist. 


f doesn't have to satisfy Tic) =), 
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APPLICATION OF DIFFERENTIATION 


Definition 3-2 


Let f be defined at c. The number c is called critical number if Pic) = Dor f i5 not differentiable at с 


The point (c, Це) is called critical point, 


In the previous example f(x) = |x|, F: [-1, 1] + IR. Notice that is defined at x = 0. But (О) doesn't exist. 


The number 0 is said to be critical number for the function f. the point (0, #07) is critical point. 


The French scientist M. Kalle made a simple theorem to find the points that represent critical points for 
the function on the given interval and its named with his name after him. 


ПЕЕ is afünction is a 


1) continuous on the closed interval (а, b] 


2) differentiable on the open interval (а, b) 


3) Ка = ПЫ) 


then there exists at least one value of ¢ which belongs to (a, b) and satisfies f (c) = 0. 
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APPLICATION OF DIFFERENTIATION 


Example 2 


Show that the following functions satisfy Rolle's Theorem for each of the given intervals 


and find the value of e if exists. 


a) fx)j-(2-xp-* е [0,4] 
b) f(x) 29x - 3X^- x^, xe [-1. 1] 


к2-1, x €[- 1,2] 


9 nu x &[-4, -1) 


= |, 


d) fix) zk ,x e [a,b] 


olt pori 


a) fix) 22 х), x e [0,4] 


I* condition : Гіз continuous on the interval (0, 4]. Because fis polynomial function. 
11" condition Tis differentiable on the interval (0, 4), Because it is polynomial function. 
HI condition: (0)-(2-0)2-4 14)-(2-4)-4 > 80) = А) 


f satisfies Rolle's Theorem on the given interval. 


tx) = 22 x) 5-20-90 
0-0 — 20-0=0 > c22€(0,4) 


b) fix) = 9х + 32-м же [-1, 1] 
15 condition : f is continuous on the interval [-1, 1]. Because fis polynomial function, 
1194 condition : f is differentiable on the interval (-1, |j Because fis polynomial function. 
II? condition: 1-1)--9-3-1--5  41)-9-43-1-11 
ега) 


f doesn't satisfy Rolles Theorem on the given interval. 
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APPLICATION OF DIFFERENTIATION rc 3, 


2 | 
uc +i 61-134] 
9 Ra) E x e[-4,- 1) 


The domain = [-4, 2] 


Ша + еда Ly 
Х--17 

lim (-І--іІ-і, 
х--іІ” 


ІН condition : 


Гу #1. Tisnot continuous on the interval 1-4, 2] 
f doesn't satisfy Rolle's Theorem on the given interval. 
d) Дх) = k, хе [a,b] 
I* condition : {1s continuous on the interval [a,b] Because [is constant function. 
ПМ condition : f is differentiable on the interval (a, b) Because fis constant function. 
HI"! condition : fla)=k, 1-8 
^ а) = К) = к 
^. fsatisfies. Roll's Theorem on the given interval (a, b) 


And c value can be any value on (a,b) 


If f is continuous on the closed interval Ja, b] and differentiable on the open interval (а, b) then 
тепн T 


there exists at least one value c which belongs to (a, b) and satisfies fic) - 


104 


APPLICATION OF DIFFERENTIATION 
The following figure explains the Mean Value Theorem geometrically. 


The tangent is parallel to chord АВ, Slope of 
Ч БА 
tangent is equal to бс), 


The slope of chord passing through A,B 


Ay fibi = На) 
Ах b-a 


The slope of tangent to the curve at c = first derivative of f at c. 


fib)- Қа) 


Therefore, T (c) = 
h-a 


The Ralles Theorem is a special case of the Mean Value Theorem and in Ralle's Theorem 34 
condition а) = [hi must be satisfied. 


is : If the chord and tangent parallel to x-axis then fio =0 


Example 3 


Prove that the following functions satisfy the conditions of the mean value theorem and find the 


value of c. 
a) flx)m-x'-6x xel T] 


b ах) = 25-2, хе 4,0] 


Г Solution 


а) f(x) = 32 - 6x +4, хе [-1, 7] 


ІЗ condition : f is continuous on the interval [-1, 7] Because f is polynomial function. 
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APPLICATION OF DIFFERENTIATION с 3, 


1194 condition : f is differentiable on the interval (-1, 7) Because f is polynomial function, 
" Pa 
The slope of ihe tangent Р(х) = 2x – 6 = f(c) = 2c - 6 
. fibi—fia) 10)41-1) 1-1 
The slope of chord is —————— а = ———= 9 
pe шингээ” 7-C 1) 8 
Since slope of the tangent is equal to slope of chord. 
5 3206-620 -эс-16(-Ч1,7) 
b) fixj=V25—x7, x © [-4,0] 


I condition (continuity) : ўа [-4, 0] = Йа) = N25 -a? Е IR. 


жігін lim 25-7 = 425-16 -3-1(-4) exists. 
i х-4! 


Jim f(x) = Шз 425-x^2 425-0 = 5 = f0) 


"< limf(x) = На) = Ё is continuous at a. 
X-H 


Since a is any element of domain <> f is continuous of [-4, 0]. 


ПІ condition (differentiability); The domain of first derivative of f is 


(-5, 51, => fis differentiable vx Є(-4, 0) 


rd tat а 4 ш a = 
ІП condition: Slope of tangent: f(x) = ———— —l'(c)- 
25-2 25-65 
Slope of chord: nw, E SLT 
b-a 0-(-4) 4 2 
Slope of tangent = slope of chord 


106 


1031 APPLICATION OF DIFFERENTIATION 


-E 


Ч25-с7 


| 
zd 
1 
4253-62-26 Squaring both sides 
25-67 = 4e? Y 
12% 
с-аҰ5 


co 45 Е (-44) 


Example 4 


If х) = х dt, Г: [0, p] — IR. and f satisfies the mean value theorem st ¢= = then find 


the value of b 


Solution 


“хїн Jat = Ex sss (slope of tangent) 


Р 
= (ери 3e* - te 


=f 2) [5 )-2 E - 416, [slope of Langen) 
: 3, й A l; 1 і 
поа дыш wo (ре of chord) 
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APPLICATION OF DIFFERENTIATION 


1 1 
B M = pla dh {Slope of Chord) 


Slope of chord = slope of tangent 


b-4b--4 5 a b dped40 = (2-28-0 —he2 


Corollary of The Mean Value Theorem 


ЇГ fis eoniinucus on [a,b and difftrentiahle on із, 5) and Ч we coosider h = b — a such that һе, 


be IR then bv the mean value thsorem we. pet 


Pie „Жы. ss a by Subslituung b= a + h 


аж b - Га} 
7 b-a 


= Йа Нм АМНГ ie) 
When (b) approached нэ (2) , the (b) value 18 small and the chord Бн ттн very small, eo the tangent 


al fc} will be tangent at A= а 
So: fia +h) x йау + Та) 


| Where: В Цан is LI approximate change of the functio . 


7” Approximation by us wing : corollary of the mean value Theorem. 


Using condlary of mean value theorem № find 426 approximately 


Let fx) = Чх be the function op the saterval (25, 24] 


bum 26 
87: 
Паје da. [2$ м s = 5 
h-h-a-l 
= 1 ££ | | 
я} = По = —— =—— = 1 
"T 245 19 


fib) = Кау + 08-42 а) 
Пак Еау + ATCA) 


426 e f(OSe Dm 1(25) + (ty 1125) 


лав то 5 «(1Мй1)-51 
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APPLICATION OF DIFFERENTIATION 


Example 6 


If fix) = x? + 3x? + 4x + 5. Find 11.001) approximately using M.V.T 


olutton 


Ц1|-1543444153-413 


b= 1.001 
Рух) = 3x7 + 6x +4 a=] 
Г(1)-34:6-4513 h=b-a=0.001 


f(a + h) = ба) + h f (a) 
81.001) = #01) + 0.000. #0) 
= 13 + (0.001) . 13 


= 13.013 


Example 7 


If edge of a cube is 9,98 ст then find the volume of the cube approximately, Using M.V.T 


Let v be the volume of cube 
b= 9 98 
а= 10 


h-b-a--0.02 


vix)-x' . хе (9.98, 10] 


v(10) = 103 = 1000 
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APPLICATION OF DIFFERENTIATION rc 3, 


У(х)-3х32-5(10)-3 (10)? = 300 


v(9.98) = 1000 + (-0.02) (300) = 994 ст" 


Example 8 


3 
Let Цх) = Vx 2 Их changes from 8 to 8.06 then what the amount of approximate change? 


Solution 


3; 
їх)- Vx? , г: 806) > IR b=8.06 
^A а=й 
f (x)= A 

Vx h-b-a- 006 
—À 2 1 
f (a) = f(8) = = 

3%: 3 


ж : З 
hf (а) = (0.06) ( E у= 002 Approximate change 


Example 9 


A cube with edge 10 cm is painted with 0.15 ст from each edge, find the quantity of paint 
approximately by using M.V.T 


Solution 


vix) = xi b- 103 
v (x) = 3x? a=10 
У(а} = м(10) = (3) (10)? = 300 h-b-a-03 


hv'(10) = (0,3) (300) = 90 cm? — volume of the paint approrimately . 
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APPLICATION OF DIFFERENTIATION 


Example 10) 


By using M.V.T find the values of the followings approximately nearest thousand [in decimal 


part there must be at least 3—digit) 


a) A (0.98)7--(0,98)7--3 8) 17.8 
ey АЙТ + NIT ПЕ ИЕ: 
а) Assume that ЭЭГ E The function 
Hx) - 3,3 ъё Differential both sides 
5 к E 
lay - (317 174152325 By substituting à = 1 
(a) T) 7 715 +4. (17-46 
fia+h) = Ща) +h fia) b = 0.08 
fj0.98) = f(1) + (20.02) . (4.6) С. 
һ-Һ-а-- 02 
= §+(-0.02), (4.6) 
= 5 0.092 = 4.908 
WM 0.98) +(0.98)' +3 = 4.908 
b V78 b=7.8 
a-8-2 
Assume that х) = Ух. ИЕ: 
z | 
f(x) = 
ТЕ 
flay= 68) = 8 =2 
Pil 1 1 
f(a) = E= — —- = = 0.083 
34 87 
fla +h) = fla) +h (а) 
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APPLICATION OF DIFFERENTIATION с 3, | 


7. 8) = (В) + (-0.2) 778) 


= 2 — (0.2) (0.083) 


-2-- 0,0166 
= 1.9824 
W7.8— 1,0834 
SEITES IT, b-17 
| | а= [б 
Assume that f(x) 2 x * + x * К-28-24--1 
E lat 1-5 
Рх) = х 7+—x 4 
9) 2 4 


i16) = 2574053244226 
таб) = 10%-1 = += as(+) + 0.23( 4 | 
= (0,5) (0.5) + (0.25) (0.5 
= (0.5) (0.25) + (0.25) (0.125) - 0.125 + 0.031 ~ 0.156 
flath) = fla) + ва) 
f(17) = f(16) (1) f(16) 


=6+ (1) (0.156) 


417+ N17 = 6.156 


4) (о 12 
b=0120 
| 
Assume that х) ^ xT а= 0125 
: h=b- as -0005 
Fix) - Жор 
3 
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de APPLICATION OF DIFFERENTIATION 


40:25)-((058| -05 


E. T 
10.125) = des T 5) -ү0у7-2-133 
fiath) ~fla) + па) 
10.12)» 0.125) + (0,005). (1.333) 


= 0.5 — 0.006665 


= 0.493335 


V0.12 = 0.493335 


Exercises (3—3) 


1) Find С value defined by Rolle’s Theorem in each of the following 
i) f(x) x -9x ,x e[-3.3] 


b) f(x) =2x 4 x БЫ 


2) Find an approximation for each of the following , using mean value theorem : 


КЕЗУ С » (04) +3(1.04) ч; 
i 
101 "эр 


3) А sphere of б cm radius, painted with 0.1 em paint.Find quantity of paint approximately 


using mean value theorem. 


4) A sphere its volume is 84 zt cm? find its radius approximately using mean value theorem , 
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APPLICATION OF DIFFERENTIATION 


5) Anght circular cone, its height equals base diameter. IF height is 2.98ст . then find volume 


approximately using mean value theorem. 


бі Show that cach of the following functions satisfy Rolle's Theorem on the given interval for 


each . then find с value 


a) f(x) x- I) , [-13] 
b)h(x)- x*- x, Е. 
c) р(х)= х 2х, [1,4] 


dif(x) =cos2x+2ceosx, [0, 2л) 


7) Test whether the mean value theorem can be applied on the following functions on the given intervals 


and mention reasons for that. If the theorem is satisfied, then find possible e values. 


a) f(x) 2 x! -x-1, [-1.2] 

h) h(x) =x" -4x 45, [1,5] 
4 

) р(х) = —— , -1,2 

с) g(x) gus | | 


+ 
“ 
Ч 


di В(х7-11х-1) [-2,7} 
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APPLICATION OF DIFFERENTIATION 


Corollary : 


One of the important conclusion of the Mean Value Theorem 15 following corollary . 
Let f be continous onthe interval |а, Б] and differentiable on the interval (а, b) and if 


1) Г (х) 20, ухе (a,b) [14 increasing function. 


2) f(x) «0, — Vx e (a, b) => fis decreasing function. 


In this section we will not interest the other case (f (x) = 0) 


Example 1 


Let у = fix) = x*. Find the intervals of increasing and deacreasing. 


y-2fix)exi- у'=2х 


y-0 = у= 2х 240-2x —x-0 


у =2x 
0 | шаг? 
EE Rer ER i x The sign of fix) 
EN ы 
а” — 4 
fijet, vx« 0 Гїх1-0, vx 
[xx <0} Гара 
LX | 
decreasing increasing 
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APPLICATION OF DIFFERENTIATION 


Example 2 
Find the intervals of increasing and decreasing for the following functions : 
а) f{x)=9x+ 3x? - x? b) fix) = М»? 


Solution 


а) f(x)=9xt+3x2-x3 => х) = 9 + бх – 3х2 
0=9 + х – 3х2 
0 = 3 (x^ – 2х - 3) 
0=(х—3)}(х+1) = х= 3, к= —1 


We examine the sien Қ х) by substituting the values around these numbers on the number line. 


[x : x=—l}, [x : x ^ 3} decreasing function 


on the open Interval (-1, 3) increasing function. 


9) ци = rojo 


Зух 
f'(x) is undefined at x = 0 thus x = 0 is critical number. 
0 


i à - 
—- — ~ | ЫТ: = f (x) 


s 
ecc m ani 
T 


Ix: xd] Ix:x-J 
decreasing function = increasing Funerian 
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APPLICATION OF DIFFERENTIATION 


In the figure below the function y = Дх) is increasing on the interval (a, с) since Fix) > 0, it is decreasing 
on the interval (c, d) since То) < 0. And із increasing on (d, b) 
Mx = (at cach af x ^C and х= ў. 


The point (с, Ие) is called the (оса! ихт poimi and fre) is local maximum value of f. 


The point (d, fd) is called the local minimem porn and Ñd} is local minimum value of f. 


| ж. 
-— Р өс Ix cm. БЕС. Pixi 


ibe local тахиа poini the local mininwm point there doesn’t exist local paximum or minimum, 


Definition 3-3 


Let f be continuous on the interval fa, b] and differentiable at x = с which belongs to the interval (a, Вр if. 


1) f'x)0:vxe (e, b) 4 с b. ху 
f'ix) > 0; v xe (a, c) шт = a c 
inerensimg астаан 


Ёс) = 0 then е) is the local maximum value 


Г(х) = O;¥ xe (c, b) a с 


Гїх) 5 (. хе ià e) Кек aa ет ний : 


then fic) 15 the local minimum value 


f'(c) - 0 
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APPLICATION OF DIFFERENTIATION 


In order to determine the local maximam and local minimum of the function f using the first derivative 


teat follow the steps. 


* Find ihe critical number by solving the equation (х) = 0. 
Let е be a critical number of function f. 
If sign оҒГ (х) changes from positive to negative at c then fix) has local maximum value at с. 


If sign af f (х) changes from negative to positive at c then fix) has local mimium value at c. 


If sign ОГГ (х) does not change at c then fix) has по local maximum or local minimum value at c. 


Find the local maximum ar minimum point of the following function Г. 
a) fix) - 1-t (x — 2r 

b) fix) = 1 – (х – 2) 

с} fix) = x3 - Ux? + 24x 


їйї 


H - 
| 


а} x)= 1+ (x —2y 


=> fx) = 20-2) 


Тїх)-0:524х-2)-0-эх-2 


12)414(2-2)-1 


4 == the sign of ftx) 
acceda =. 
т ре к 
Mixen | 
fis decreasing i ia истей 


the point (2, Ц2)) = (2, 1) represents the local minimum point . 
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APPLICATION OF DIFFERENTIATION 


b) fix) = 1-(x-2Y 
109- Ха 2) 
Т(5)-0-5-4х-2)-0-эх-2 


2) = 1-(2-27 =1 


14-44 ef TEENS ШЕ, С 
- р = - the sign of f (x) 
г Би! 
Ix xc] dix 2 
| is increasing Fis decreasing 


The paint (2, (21)-12, 1) represents the local maximum. 
с) ffx) = х?— Ox + 24x 
= P(x) = 3x2 — 18 + 24 
(х)-0 
> 3Ю-185-24-0 
Зх7-0х-45)-0 
3x-4)(x-2)-0 > х-4,31-2 
#(4) = 16 « 1(2) = 20 


444444 2------- Д pee шеш а 
ен > А The sign of f(x) 
е” a 
u— — дээд” xcd 
“ increasing decreasing _ increasing 


Ix: x € 2], ix : x » d] F is increasing 
ап the open interval (2, 4) fis decreasing. 
(2, 20) is local maximum point. 


(4, 16) is local minimum point, 
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APPLICATION OF DIFFERENTIATION 


Concave down Concave up 
Fix) < 0 Т(х) » 0 
(Figure B) (Figure A) 


Definition 3-4 


If fis differentiable on (а, b) and it is said to be f is concave down, НТ decrasing on the given interval amd 


Ed 
И 18 concave up if fis inerasing on the given interval, 


The curve is over the tangent lines on (u. b) ex The curve is concave up 


The curve is under the tangent lines on (a, hb) & The curve is concave down as shown in the figure A, В 
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APPLICATION OF DIFFERENTIATION 


СЭН is difined on |1, b] and f is twice differentiable on (a, b) then fis concave up if 


[ ухсан, two] AA 


рика up 


and f is cuncave down on (a, b) if [satisfies 


ух е (ab), "(eo | if \) 


concave down 


Example 1 


Examine the concavity of the following functions. 
ai fix) x? hj fix) = x! 


Solution 


a) =x? y= х 
= 
г. (= 0, “хе ЇЕ x 


fis concave up on ІК 


bj fix) 9 x 
Fix} = 3x2 
4 tx) = & 
£o х 
Ї(5) = 0 => 6x = 0 


х= 0 
0) = 0 
— а 0 
— = the signoff (a) 
concave down сон dp 
Ix zx d] x > [1] 
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03! APPLICATION OF DIFFERENTIATION 


Definition 3-5 


The goin where f changes from concave up to concave down, ас (concare down qo corcove wp) its called 


гайёсиай роли. 


4 d У 2 t"-0 
| ШЫ” 
А | 


Example 2 


% 


Examine (х) я 2x* — 347 — 128 + | forconeaviny and find inflection point. 


уа 269 - 3x2 - 2x = | 
Fin) = 6x? -éx — 12 
117 -ї13-6 


- | E 1 
Мај = 14-6505 = {+} -2 


r= 


# 
the sin of Ё'[х.] 


= 


fs 


Ша УЧ down L My 

ke : iS a passible inflechon point 
| І 

[is Concave up оп |= “| 


Fis concave down on 1a:x « - 


Then the рони E - ША i :nfleclión pomi. 
TENE 
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APPLICATION OF DIFFERENTIATION 


Find the intervals of concavity and inflection points of following ссн. 
aj Мх} = dx! — a 
bi Пт" хе L кей 
х 
с} ра а фев уй 
di к) 3-22 


el Пар - a3 1242-3 


Solution 


а} Raj= 43 -x4 
Tix} = [tet — 4g 
Ёл 
Їїх)э245-12х2 


Эсхүл 0 2 Зах — 1457 0m 121(2-х1-0 = х-П,х-2 
Ц0|-0 12)-168 
(0,0) 1218) 


anlleciin Їкї 
pure ЫШ 
T. _ т 
$ = = ihe sige of {х] 


fo 3 Р г Гай 


сше 410111 Ju concave chown 
ix:x =O} il Ix: x2] 


(0, Ор and (2, 18) are inflection poms. 


APPLICATION 


OF DIFFERENTIATION с 3, 


b} fix) = x ХО 
z | —— фа я WW — 
МЕУ “--------<-------- the sign of f (x) 
2 2 Е FA KZ 
ТЕ 
x4 concave down зе ир 
Ж... ix:x «0j TER 
P (0) 15 undefined 


The inflection point does not exist since 0 g domain of the function. 


с) Мх) =4 – (x +24 
hix)» —4(x+ 2P 
2 
h(x) =-12 (x + 22 
2 
1(х)-0-5 —12(x+ 2)? 5 х--2,4-2)-4 
(-2, 4) 


2 
the sign of hix) 


concave down 
[хтх>-д]| 


concave dawn 


ік:х<-2) 


Since the concavity does not change around x =—2 then the inflection point there does not exist, 


d) fix)-3-2x- x! 
ix) =— 2 2х 
2, 
Їїх)--1-0 
fis concave down on IR 
Then the inflection point does not exist 
e) ху = хі + 32-3 
F(x) = 4х 6x 


2 
з»Ї(х)-12х2-6:0 xe IR 


fis concave up on ІК 
Then the inflection point dose not exist 
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03 APPLICATION OF DIFFERENTIATION 


In our previous lessons we have seen that the first derivative test tells us whether critical point 18 


в local extreme or not, 


Now we instead of firsts dervative test we can sometimes use the second derivative test to 
determine the kind of local extreme. 


Let c be a critical point of f then; 


1) ifc) =0 and (0) * 0 then fhas a local maximum at x = с 50, (с, Пе) № local тахин point. 


> 
2) ке) = ü and Г (c) > 0 then T has a local mimimum at x = с so, (с. Пс) is local тайш point, 


E24 ығ 
3j itf (с) = 0 or Fic} is undefined then this test fails, (we use the first derivative test instead.) 


By using second derivative test find the local extreme of following functions. 
a) f(x) = бх —3x7 - 1 
b) fix) "x- E кей 
m 
с] fx) х? -3 x2- Oy 


d)  х)-4-(х-18 


, 
811117111117 


a) fix)=6x— 3x2 - 
f(x) = 6 — 6x 
f(x) = 0 
0-06-0Х-5Хх-1 

2 
Ї(1)5-650 

# LN : 

Ї(1) = 0 and Р) < 0 then f has a local maximum at x = | 


(1, 410) 511, 2) is local maximum point . 
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APPLICATION OF DIFFERENTIATION с 3, 


b) ї(х)- net x #0 
x 


P(x) = 1-5 

ЕРІ и 

P(x) - 0 
0-14-2-43748-0-х--2 


х 


D 8 
(к) = 1+ — 


x 
—24 
(х) = “T second derivative 
х 
7-2) = () and (2) < О then there exists a local maxium at point x =—2 


(-2, Қ-2)) = (-2, —3) is local maximum point . 


c) Их) = х3-3х2-9х 
Tix) = 3х2 бх -9 
Т(5)-0 
0-3(52-2х5-3)ё50-3(х-3)(х-1) 
тх-2 x--] 
2 
f(x) = 6х – 6 

2 

x= 3 = НЗ = 18 бе 12 > 0) 
КЗ) = 27-27-27 = –27 
(3, -27) 15 a local minimum point 
х--1-92(-1)--6-6--12-0 
Д-1)-5 
(-1, 5) за local maximum point 
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APPLICATION OF DIFFERENTIATION 


d) Ях) = 4-(x +1 
^x) s -4 (x 1) 
Те - 0 
0--4х418-5х--1 
> Е 
f(x) -12 [x + 1р 


й. 
1) = 0 


This test fails , we use the first derivative test instead 


> sign of f(x) 


ireneasimg decreasing 
|127 || (хєл2-1) 


f(-1)94 - (-1 194 , (-1, 4) is local maximum point 


Let f(x) — ets ‚ ХО a ER 
Find the value of (a) knowing that f has an inflection point at x = |, then prove that f has по! lecal 


maximum point. 


SHULD 


4 5 
ех ® од ж- Pea ® 
5 x^ хз 


-1-1:-01-45--| 
тарь "m 
X 


A 1 
= Р(х) = 2х + = 


X 
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APPLICATION OF DIFFERENTIATION 


аб) = фа 2+1. 0 


Xx 
хар 
2 
МЕ 
эх = — к= 
2 
P" E = 
^x) = 2-— P(x) = 2--5- fix} = 6>0, Vx €IR 
х 


2 


3 | E ica ; 
20 Х- zt has local minimum, f has not local maximum. 


Example 3 


Find the values of a and b so that the curve y = x? + ax? + bx has local maximum at x—1 and 


local minimum at x = 2 then find the inflectión paint if it exists. 


Solution 


у= х? + ах? + bx 
к сүс 
йх 


since Chas local maximum at x =—] then 


dy 
“—=0 
dx 
0-3(-1)? +2a.(-1)+b > 3-2a+b=0 


since fhas local miminun at x ~ 2 then 


42. 
dx 


0-30) 42a.(2)+b = 124 4a+b=0..........0) 


by solving (1) and (2) together 
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concave down concave up 
| 


Ї 
хх! >} 
т ы] 


i| zm, CHE [-— is inflection point. 
2] 8 4 TE" 


If the function of curve is ЇЇХ| = ax? + bx? + cis concave upon ix : x = 1j and concave down 
[x : X7 |} and it is tangent to the line y + 9x = 28 at point (3. 1) then find the values of real 


numbers a, b and c. 


КІШІЛІ 


Since fis continuous because it is polynomial function and it is concave up on {x : x € 11 and 
concave down on 1x : x ^ 1j then it has an inflection point on x = 1. 
a 
5 P(x) = Зах? + 2bx 
2 
(х) = бах + 2b 


p^ : 
f(1)20— 60+ 2b=0......... dividing by 2 
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APPLICATION OF DIFFERENTIATION 


3a + b=0 => 6 = За ...... 1) 


4у + ын = ID by differentiating both sides af y+ 9x = 28 
ar e-i 
dx 


1(3) is slope at x = 3. 


па 

(3) = 27a + 6b 

—9 = 27а + 6b 

-3 = 9a + 2b ....... (2) dividing by 3 


the point (3, 1) satisfies the equation y = ax? + bx? +e, 
"штате + = 1 .......„(3) 

by solving (1) and (2) 

-3 = Әв + 2(-3a) > a= -1 > b=-3(-l=3 


from (3) -»27.(-1) 49.(3 -2:1 -эст 1 


Example 5 


If fix) = ах? + 3х2 + с has a local maximum equal to 8, and inflection point at x = | then find 


a,c ER 


Solution 


Ats = 1 there exists inflection point. 
2 
(1) -0 

х) = Зах? + 6x 
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03 APPLICATION OF DIFFERENTIATION 


“(x)= 6ax+6 since 7()-0 
ʻ Ü= ġa +ý = asl 

f(x) = -x3 + 3x7 * c 

P(x) =-3x2 + 6x 

Fix) » 0 > 

3x7 + бх=0 => 


-3x4 (x-2)=0 -эх-0,х-2 critical points 


2. Phas local maximum at x = 2 

2.12, &) is local maximum point and satisfies the equation of curve. 
f(x} = хў 3x7 + ¢ 

85-841140 


-с-4 
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APPLICATION OF DIFFERENTIATION тоз, 


Exercises (3-4) 


1) Let Р(х) = ах? -6x +b whereby ac {-4,8}.beR find (a) value if: 
n) The function f is concave down. b) The Function f is concave up. 

2) If (2,6) is a critical point for function curve f(x)-a -(x b) then find а,БєЁ and show type 
of critical point. 

3) If g(x )- |-12x, ҒҚ(х)-ах  bx^ +сх are touching intersect cach other at inflection point 
and the function f has inflection point (1,-11), then find the values of constants 4,D,C & K , 

4) If 6 represents а local minimum of function curve — f(x)-3x^ —x +c then find 
CER and find equation of tangent at inflection point. 

5) If (x )=ах' + bx? 0х and fis concave up аі Vx > 1 and concave down аг Vx < | , and the 
function has local maximum point at (-1 5), then find values of constants a,bjce К. 

6) Let F( x)= E E^ ‚ЕК, x = 0, prove that the function has no local maximum point. 

Т) The line 3x-y-7 is tangent to the curve. y-ax^ bx at (2.-1) and. it has a local end at 


| 
x =— then find value of 4, b,c € R what type of the local end point ? 
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APPLICATION OF DIFFERENTIATION 


In order to sketch the graph of a function use the following steps. 


1. Find the domain of f (the set o fall possible values of x.) 
2; Symmetric Test : 
If f(-x) = х) then fis called even function and it is symmetric with respect to y — axis. 
If -х15-- х) then fis called odd function and it is symmetric with respect to origin. 
3. Find à and y — intercepts. 

for x = O we find у — intercept. 

for y = Ü we find x = intercept. 
4, Asymptote 


When plotting the graph of a function, we need to know the behavior of the function at infinity and the 


behavior near points where the function is not defined. To describe these situations we define the term 


“asymptote,” 


y= Т. "Pu ТҮЗЕ) x=alvertical Asymptote ) 
х 
пу) А 
ї- AA ‚ putmiy)=0 у= b (Horizontel Asymptote | 
m 


“ GS 
^. Find f(x), P(x) and intervals of increasing, and decreasing local maximum, minimum and inflection point. 


^. Find additional points (which we use them to sketch the graph.) 
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APPLICATION OF DIFFERENTIATION rc 3, 


Sketch the graph the function f(x) = x^ using differentiation. 


Solution 


l Since fis polynomial function the Domain = IR. 

- The point (0, 0) х- and y — intercepts. 
VxelR, 3 (-х)є ТА => f(-x) = (== = f(-x) =f) fis odd function, 
It is symmetric with respect to origin 

-. fhas no asymptotes.Because the function is not rational function 


ғ e 
г Тус 5x Рх) = 0 =5 х= 0 — (0, 0) 


г. | — | sign of f(x) 
ix :x «0j, [x :x > 0} increasing f. 


the point (0, 0) is critical point. 


ý 3 
Ї(х) = 20x 
б. 
f(x) = 0х = 0 
------ Ü Ф 
sign of T(x) 
EN “- 
concave down —— сонсагс ар the point (0, 0) is inflection point. 
ix :x «0j In: x oe і 
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APPLICATION OF DIFFERENTIATION 


"Xx 


Example 2 
Sketch the graph of the function y = x3- 3x + 4 using differentiation, 


solution 


1) Smee y is polynomial function, domain of y is IR- 


7) х=0=»у= 01-3 (02) “4:5у-4 (0, 4) isy — intercept. 
1) УХЕ, 3 (-xje IR = f(-x) -(-xP - 3-x)** 4 
=- 3x? 4 2 fx) 

so f[-x)z х). fix) = fx) the function 15 neither even nor odd, and Fis not symmetric, 
4) Phas по asymptotes Because х) & not rational function. 
5) (х) exi - 332 +4 = Tix) = 3x? - 6x 

Та)-0 = 3x2— 6x =0 =® 3x(x-2)70 

=>x=0, x-2 

Ц0-4 ->(0,4) 

(2)-0 ->12,0) 

БЭР ЕЕ —t of f(x) 

[1% хонин ох: к = Dj, fas x >21 


Fis decreasing on open interval (0, 2) 
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APPLICATION OF DIFFERENTIATION с 3, 


the point (0, 4) is local maximum, (2 ,0) is local minimum point 
(к) = 61-6 = 030=6x-6 > x-1 


EI. 1 ++ +4 - sign of (x) 


FN 


concave down concave up 
Ix:x «1j Ix : x? 1] 


ВТ =2 = (1,2) is inflection point, 


Example 3 
3x – 1 
Қ 


Sketch the graph of the function f(x) =— | by using differentiation, 
+ 


Solution 


1) denominator can not be 0. Le: х+1 = 0 х=] 
Domain -ЇК-1-1| 


2) Since | belongs to domain of f but (-1) doesn't belong to domain of f. then the curve is not 


symmetric to y—axis and not symetrie ta origin 
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03 APPLICATION OF DIFFERENTIATION 


. x70 y--1 > (0-1) = y- intercept. 


1 | 
y=0 mee = (0 => x- Intercept. 


at] =0 -»x--1 (vertical asymptote) 


f(x) у= = = ух +у =3х-1>ух-3х=-! =y > aly - 3) =-l-y¥ 


y-3-0-»y-3 (horizontal asymptote) 


Short way: (Mot always correct) 


(х) = 34-1 


3, 


3 
rl: | = 3 horizontal asymptote 


А шн ай АЛ атан o4 ЖЕЕ 


Р(х) = = 
(х 4-1)” (х у (x 1y 


VxeIR - 1-1], P(x) > 0 MB 00 eee SRS SE sign of fix) 
эж < ue 


m. o 


„=== == 
ix : x 11 increasing Ё m i -— 
inereasing increasing 
{хк =l] 19894281 


ix :x>-I]} increasing f 


a) «4x 13 SF o) --8 (x 1T D 


(x4 1! 
к ғаш 9 2 
х sign of f (x) 
Р, үм 
concave up concave down 
Ix :x« =]! ix :x ъ= || 
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APPLICATION OF DIFFERENTIATION 


function has no inflection point because (-1) doesn't belong to domain of f. 


у 


ШЕ; 


y=} 


Soe roce - 2-2 es —Ó ro roo X 
воет 411 


y=] 


= аа ия жын 


аң 


Ехіпіріс4 — 


: 
Sketch the graph of the function {{x)=——— Бу using differentiation. 
x^] 


' Solution 


1) Domain of f-IR 
323x202 y=0 .(0,0)ix— y intercepts. 


VxelR, J(-x)elR 


2 Ж 
3) f-x) = (-х) a Х 


2 Z =f) 
(axel 241 


^. Fis even function — f i symmetne with respects to y — axis. 


4) х1-15 0. then Chas not vertical asymptotc 
7 


х) = y= = 
x +) 


жүт — 
- хЧу-1)=-у 
> х= -у- Iz02vyzl 
y-1 
then f has (horizontal asymptote) 
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| 1 
7 -— | nl = ТО > — 
f(x) concave iomon ІЗ | | їр | 


/ 
fix) concave ир on open interval | 


o] MET 
ЦЭН - oM E эв 
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APPLICATION OF DIFFERENTIATION 
3. ne 
5) P(x) = Bt DOS Ou 
ix^ +1) 
ЇХ 
= = = => х=й ë у= => (0, 0) 
{х^+1)° 
т. эь Ъз - ААХ 4 2 8 sign of fix) 
“ы... E E. 
decreasing ea: — 7 Ши 
Ix :x e [| Inca 0] 
(0, 0) is local minimum paint. 
2 2 d, i 2 2 
^ - cU ӨР шидсэн Жан, анг sign of Жо) 
ix? +1) (x^ 1) үз 
1 1 
ис ЧЕН E: ++ ..------ 
concave down cumnrae ип cuncave down 


| : : 
-| are inflection points. 


APPLICATION OF DIFFERENTIATION тозу 


Exercises (3—5) 


By using the differentiation sketch the graph of the following functions! curves) 
1) fix)=10-3x-x2 
2) хх Ақа 
31 RA lx+ 
4) (х)-6х-х” 
5) 16) 
6) f = 
1) fixy-(x*2)(x- 1 
8: Г(х)= ын 
9) (ху-2х3-х” 


ü 
x 43 


10) (х) = 
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APPLICATION OF DIFFERENTIATION 


By using differential calculus we can solve many problems that call for minimization or maximization a 


problems to get maximum area, minimum velocity, .., etc. 


strategy for : solving Max- Min problems: 

1) Draw a picture and name the variables and constants. 

2) Write an equation thal relates the variables. 

3) Differentiate with respect to the varlable to test the critical points and end points. 


Example | 


Find the number when it is added to its square the result is the as small as possible. 


х 11114111 


Let the number be x, and its square be x^. fix)=x+x? 


Pix) = | + 2x, Тї(х)-220 


“ 5)-0 1+ -05=--> 
41 1 
її-1:121э» 
| 3 2>0 
the local minimum at x — 


2. the number 15 u 
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APPLICATION OF DIFFERENTIATION 


Example 2 


Asqucre sheet of copper 12 cm on a side 18 to be used to make an open top box by cutting a small 
square of copper from each corner and bending (turning) up the sides. What is the greatest volume of 
this box ? 


Solution 


x Жы Vi 
122% ff 
А 12-25 
х і 
І2-2% 


Assume that the length of the side of square cut is х ст, 


After 1t 1s bent up (turned) the dimensions of box are 


x,12—2x, 2-2 


Volume of box = the product of three dimensions. 

ve(li—2x) (12- 2x) х 

v= f(x) = x(144 — 48x + 4х2) 

v х) = 144х — 48x? + 4x4 

d 

SY (х) = 1044—96 +122 2 — fag 

dx 
=  0-12(I2- 8x ^ x) 12 (6 x) (2x) - 0 
= x=6,x=2 are critical numbers. 


Note that 6 is neglected because it is impossible to be x = 6 the volume is maximum at x = 2 and 


the volume is 
үе 2) = 2 (17 – 4] = 128 em 
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APPLICATION OF DIFFERENTIATION 


Example 3 
Find the dimensions of the largest isosceles triangle which is inscnbed in a circle of 


ай 


radius 12 cm. Then prove that the ratio of area of triangle to the area of circle is = 


Solution 

Let's assume that height of triangle is h. the length of its base is 
b=2x to get the relation between the variables by pythagorean theorem. 
x? + (h- 12)? = (12° 


x? 4 h* - 24h + 144 = 144 


= 4h —h* 
x24 Mh-h 
A 205 -209а-һ => — A-f(h)-hN24h- b? = h^ Q4h - h^) 


= А = ПЫ) = N245!-h* 


„(by differentiating both sides.) 


1(1-0 = 72h?-4=0 ->4580(8-М-0 == 18 см 


, height of triangle is h= 18 em 
x -N24h - В ox = 524, (18) - 18 x 2643 ст 
2, the base of triangle is b= 2x = (2 )(64 3)- 1243 ст 


the area of circle = A, = mr = "12 = 144л ст? 


the area of triangle — A, = 3 bh = 


: = | 2x) = = (134613) (18) = 08 em? 
arca of triangle EL АЕН in 
areaof circle А, Мт 
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APPLICATION OF DIFFERENTIATION 


Example 4 


Find the dimensions of the largest rectangle which can be inscribed inatriangle whose length 


of its base is 24 em and the height is 18 cm. such that two af the vertices аге оп the base and the others 


an the legs. 
h 
Let the dimensions of the rectangle are : Ix | T 
Ч p | 
width be y. EMI ини 


the relation berween variables : 


triangle ( bir) and (beg)are sumilar triangles since the correspording angles are equal. So the correspording 


sides their are proportional. 


ІМ -18-x 

шп ba y 18-х 24 4 | 
= zd = — | — => = — 18 - 

eq bp 24 18 74 ТА ya T " 


area of rectiagle A= xy =x - i (18 — x) f(x) =А = A (18-x) = 0180-05) 


ІШПЕ i (18-25) 


Т(5)-0-»х-9 
f "mE 
= 3 
$0) - <0 


4. Phas maximum value at x = 9 cm 
ёс 38-9) = Uam 


у= 12 сш 
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APPLICATION OF DIFFERENTIATION 


Example 5 


The sum of perimeter of a circle and a square is 60 em. If the sum of their areas is minimum then 


prove that the diameter of acircle is the length of the side of square. 


Let the radius of circle is г ст, the length of side of square is x em, 


Perimeter of square + circumferenc (perimeter) of circle = 60 cm. 


2. Ах + 2лг = 60 cm 
| 
= г= —{30-— 2x) 
it 
the function = area of square + area of circle. 
А= 2+ 
1 E 
А-х +n [00-20] 
л 
А = fix) =х2 + 1 (900 — 120% + 4x?) 
14 
A= Tix) =2х + - 120 + 83) 
Т 
С Ж. | 
A=fi(x)=0 => беке m pH S = Üü-mnxt4x-60 


=> 50-0х-4Х 


a(n + 4)=60 ze x= cm 
п+4 
| 30 ! 
TAI 35-129. -——— n> x-2r- diameter 
Ж л-4 п+4 
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APPLICATION OF DIFFERENTIATION 


2 | 
Г(х}=2+—(#}> 0 
г 


The function Г has local minimum . 


(Q.E.D) 


Find a point or points which helogn to the hyperbola y^ — x^ = 3 that are nearest doses: to the point. (0,4) 


Lef' assume that the point Рх, у} belongs to the hyperbola у? — x? = 3 and satisfies the 


equation. 


ЭРГЭН ди 


S =A ix - 0) (y 4. ss distance between P(x, y) and (0, 4) 
58-4 x ey aya M6 ess (2) 
Szf(y) e 4 y  -34 y^ - 8y 16 substituting (1) in (2) 

= 4 2y"—8y+13 


4у – В 
24 2у2- йу + 13 


Т(у) =0 2 4y-8-02 y=2 


Fly) = 


А х= у 3 
х2= 22-4 


ха 4-3 


x=]. the points (1, 2) and (-1, 2) are the nearest closest possible to the point (0,4) . 
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APPLICATION OF DIFFERENTIATION 


Exercises (3-6) 


11 Find two positive numbers whose sum is 75 and the product of one of them square 


of second one is largest possible 


2) Find the beight of largest right circular cylinder which can be inscribed in a sphere whose 


radius 15/43 cm. 


3) Find the dimensions of largest rectangle which ts inscribed into a semicircle whose radius 18 


442 cm. 
41 Find the largest possible area of an isosceles triangle whose one side is 82 ст, 
5) Find the largest possible perimeter of rectangle whose area is 16 ст’. 


6) Find the lest possible volume of right circular cone that can be inscribed in a sphere 


whose radius is 3 cm. 


1) Find the equation of a line which passes through the point (6,8) and makes a smallest 


triangle with two coordinate axes in first quadrant. 


8) Find the dimensions of largest possible rectangle which has its base on the x-axis and its 


upper two vertices on the parabola f{x)=12-x2. Then find its perimeter 


9) Find the dimensions of largest right circular cylinder which is inseribed іп a right circular 


cone whose height is 8 emand the length of diameter of its base is 12 cm. 


10) Find the largest possible volume of right circular cone which is formed by revolving 
the vertex of right triangle around the one of its right sides whose hypotenuse is. 633 cm, 


11) Ап open top cylinderical container whose volume is 125g cm’ Find dimensions of the 


container sò that the area of metal used is least possible.. 


12) А parallelpiped tank whose length of base 15 twice of its width.If the area of used metal to 
make it is 108 m^ .find the dimensions of the tank so that the volume is largest possible 
knowing that the tank is covered compeletely. 


147 


4-1 Regions Bounded by Curves 

4-2 The Lower and Upper Rectongles 

4-3 Definition of Integration 

4-4 The Fundomental Theorem of Integral 
4-5 Properties of Definite Integral 

4-6 Indefinite Integral 

4-7 The Natural Logarithm 

4-8 Plane Area by Definite Integral 


4-9 Volume of Revolution 


Гега нра 
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` INTEGRATION 


(Figure 4-1) 
In the figures above A, is rectangular region, A, is triangular region, A, is trapezoid region and A, is 
circular region and of course you know how to calculate area of these shapes. 
But thc region of A in the Figure 4 — 2 is called polygonal region and 
its area сап be calculated by dividing it im to tnangular regions 
Ay, Ag, Аз Ау 


Its area i$ A — Aj НА. t+AgtAy 


(Figure 4 -2) By the same way we can calculate the area of regular polygons by 
dividing it in to region of triangle, square, rectangle... etc. 
But the region of A which 15 shown in the figure 4 — 3 15 called region under the curve f and it is the set 


of points bounded by the curve, x — axis and the lines x = a, x = b. 

Y 
In the figure it is not possible to divide it mto regular shapes 
(triangle, square, rectangle, ...) 


How can we calculate this area? 


{Figure 4-3) 
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INTEGRATION 


0 

| 
A, is largest rectangular Ais the region under the curve. 
region in region A, 


к 


А is the smallest rectangular 
region out side region A. 


(Figure 4 -4) 


1) Area of region of any shape is a non-negative real number. 


2j Inthe figure 4 - 5 if A' c A then the area of region А' < area of region А. 


(Figure 4-5) 


150 


` INTEGRATION 


Example | 
In the figure 4-6, A is region under the cantinuous curve f, find the approximate value of area 
region such that 
A= (3, у):25х55,у-4х-1) 


SOON | 


‘We draw the largest rectangle (abcd) in the region А whose 
base is from x = 2 to x = 5 such that Аус A and this area 

iS Aq = abad (5 — 2). 1 = 3 unit square. 

By the same procedure, we draw ihe smallest rectangle 

fabe'd") which contains the region outside the curve and its 

base is from x =2tox 5 let it be Ay such that A & А! let it be Aj 


and this генін А) 7 ab, ad = (5 — 2), 2 — 6 unit square, 


(Figure 4-6) 


Uy АрБАСАГ 


. Area of A] < area af А € area af A’, 
3 € area of region As 6 


Therefore, the area region А is average of these two areas. 


АА Р ў : 
А = a X : - 4,5 unit square is approximate value of area of the region A. 


In the Example! A, is area of rectangular region whose height is (ad) which is minimum value of 
function on |2, 5] and we will symbolize it зуйл is area of rectangular region whose height is 


(ad')which 
is maximum value of function on [2, 5] and we will symbolize it. by(m) : 


Аз you learned is Chapter-3 m(the minimum value of continuous function on (а, bj} and also 
Mithe maximum value of the continuous function an |а, b) сап be found by one of the end points 
of [а, b] or the critical point. 
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Find the approximate value of area of region A if 


А- х, у):14х«2,у-х72-1| 


FEO 


A, the largest rectangular region in A its base is from 
х= | tx =2 and height is m= 2. 
Ay =2(2-1)= 2 unit? 


A’) the samallest rectangular region outside A its base is from 
x= {tox = Jand helght height is М-5 


A = 5 (2-1) =5 шпі? (Figure 4-7) 
Since A, АСА, 
So, the area of A, < area of A < area of A’, 
15А55 
And approximate value of area of A 5 


КҮКҮГҮ, 
к= 3.5 unit 


Lower and uppper bounded are the sum of rectangular area in (Al amd ihe sum of rectangular axes out side (A) 
the figures (4.8), (4-41,14-18)| explain that 


Ё p 


E 


| 
A) rectangular region А у rectangular region in A, A is region under curve f. 
outside А. 


i 
i 
i 
i 
1 
i 
Ц 
і 
; 
i 
i 
Я 
' 
1 
: 
1 
i 
Ч 
1 
4 
1 
Ча 


È 
Tà ce. ed dee e d d ш чш чш ч —— a a 


ББ ин ашан ыы а ааалаааааааа аа аааааниа анаан ши вш ааш анин terriers 


(Figure 4-8} 
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АША; 
: Recingibr gin contains A. А region under Curve наре megan m A. 


(Figure 4-9) 


In the Figure 4-10, hase ПІ, 5] is divided into four subintervals. 


GE ТЕТЕ 


2145 
Recaps орхин әкете; Хорол À under curve Г. 


Mel urere rcr meten ed it T РЭГ нг E MARI ЯГ аан 28-24 А-и Е 


In the figure 4 - 9 the interval 1, 5] 1s divided into two sabintervals [1, 3], (3, 5] in this example 
the subintervals are called partition for the interval [1, 5]. And symbolize by c = (1, 3, 5) sigma notafion 


In general, if we want to divide the interval |в, b] into (n) partition (equal) then the length of each 
interval will beh = PZE 
П 


In the figures (4-10) ,(4-11) 44-12) the interval |1,5) is divided into four sabintervals [1 -2] , 
[2 -3] [3 -4] , [4 -5] and shown hy 


© 70,2,3,4,5). So the approximate value of area of A is more accurate. 
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" 
ы 
ї 
шаш аниад аадаадаа mM onan es mcm САР 


аавжаажаиавн ee ee ш шош ш ш шош ш шош шош шошош шош шшш шош eee эээ." 


(Figure 4-11) 
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Ї в 
! a 
i 
a 
i Ч E 
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a 
i 
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! а 
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i 
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i 
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i 
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' 
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! 
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Г Н 
ч 
П 
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[Figure 4-12} 
Find the approximate area of. following region 
A= (х, y :22x 55, у= x3 + 1] using the partitions 


a) а, (2, 3, 5} bi пу T (2, 3, 4, 5) 


Solution 


1) a= (2, 3, 5) 
Since the partition is c, ғ (2, 3, 5) then the interval 


(2, 5] will be divided into subintervals (2, 3]. [3.5] 
Ay +Ay= 1 (5+2 (10) 25 unit? 


(Figure 4-13) 
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` INTEGRATION 


A’) + А =1 (10)4 2( 26) = 62 unit? 


Since sum of the area of rectengular regions inside А< sum of the area of rectangular regions which 


outside А. 


n 255 АЗ 62 > А ша unit is approximate value of area of A. 


В} 0,7 (2, 3,4, 5) 
4? 
Since the partition is б; — (2, 3, 4, 5) then the interval 


(2, 5] will be divided into subintervals (2, 3], (3, 4], [4, 5] 


Ay tAgtAg=105)+1(10)+1(17) 
= 32 unit 


A' + Al + A's = 1100+ (17+ 1626) 


= 53 unit? 
д= 32-53 — шд 
? 2 (Figure 4-14) 


As we see in the figures above as the number of portitions increase then the difference between 
the sum of area of rectangular regions in A and the sum of arca of rectangular regions containing 


A decreases regularly. 


In the previous example when partitions were (2, 3, 5) the difference was 62 — 25 = 37. 


when partitions were (2, 3, 4, 5] the difference was 53-22-21. 


In the previous section you leamed finding the sum of area of rectangular regions in А and sum of arca af 


гесїап шаг regions which contain A (curve) 
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ЇМТЕСВАТТОМ л», 


In this section we are going to introduce the function f, Г: [а, 6] + IR which is continious and we are going 
to find sum of the area of rectangular regions т A (Lower Rectangles) and the sum of the area of rectongles 
containing A (Upper Rectangles) such that A is region under the curve Г In the figure 4 - 15: 

1*: Assume that fix) 2 0, vxe[a, b] such that т = (xq. Хү, Хэ, Ху x4) and the area of rectangular region 
A, whose base is bounded оп [xp, ху] and its height is (mj) then 

À, =m. (X, — хо) where m,(the minimum value of function on [x,, Хэ!) 

By the same way Аз = ту. (x; = Хү) where its base is bounded on |Хү, Хо] and height is (m4). 
Therefore, the sum of area of rectangular regions in A which is shown by Lic, f) is 

Lic, f) = m, (x, — хо) + mox = xj) + туха — ху) + тахо — x3) 


nj Notice that, 


о, f € area of A 


|o Х| X> Xi Xpb 
(Figure 4-15) 


f 


EET X2 хз Arb 


(Figure 4-16] 
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By the same way in the figure 4-16 

The area of region А! whose base is bounded on [ху x, ] is Му, (x, — Xg) such that M , is the 
maximum value of function on [xp Ху]. 

The area of region А? on [x |, X2]. is 

Аза М, 9-Х) .. etc. 

The sum of area of rectangular regions containing A which is shown by Lig, f) 

uic. f = Му. (ху Ху) + My . (хо Xp) + Му. (x37 Xa) + Ma - (ха X3) 

Notice that, 


218; If we don't obligate being f(x) 20, vxe[a, b] as shown іп the figure 4-17 then it is possible 
that m(the local minimum value of function) can be either negative or positive or zero. 


However (с, f) can be either negative or positive or zero and (0, f) can be either negative or 
positive or zero. 


Since the area can not he negative, we call 


Lis, f) lower ге es. 
9, f) upper rectangles 


(Figure 4-17) 
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Example 4 


Іш f(x) = 5 2x, Ё [1, 4] — IR Find Lio, f) and Хо, f) using 5 partitions. 


- Solution 


We divide the interval (1, 4] into 3 subintervals. 
he——=——=1 -а-(1,2,3,4) 
The intervals are [1,2], [2, 3], (3. 4], fx) = 5 +2x 2 Pix) =2>0 


2. there is na eritical point and function is increasing in its domain. We can find the value of 


Lic, f), “Ха, f) using the following table where m; is the smallest values, М; is the greatest . 


А Bhim; =L(o, 9 = 27, EhM = ula, f) 233 
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Example 5 


If fix) = 3x- x? Е [0, 4] — IR, find each of L(o, f) and (Дс, f) by using 4 equal 


partitions. 


Solution 


h= — == | 
П 4 
а= (0, 1,2,3,4) 


(0, 1], [1,2], [2, 3]. [3.4] 
f(x) =3x-—x? 2 F(x) -1—2x 


^3) -0 х= зеп, 2], so critical point is оп interval [1,2] 


ce ae aaa -- «sing chart of f(x) 


; Жыш-Цеф--2, ЗЫМ; =. f= = 


note that : L(a, f) <<, f) 
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Exercises (4—1) 


Find U (o,f), L(c.f ) for the following 
1) Ё 24-28, f(x)=3-x 
а) @=(—2,0,1) 
b) The interval [-2. 1] is divided into three regular sub-intervals 
2) if f:[0,4]  R , f(x) 4x -x". if т=(0,1,2,3,4) 
3 f: [1,4] 2 R , f(x)e3x^ 42x 
"121177: 


b) Use three regular partitions. 


If f: [a, b] — IR is continuous on |а, b] and Lis, f) € о, f). then there is a certain "К" where 


Lio, f) 5 k 5540, f) for each partition с to the interval [a b] 


We call the number k the definite integral for the function f on [a, b] and show by 


and read as integral of f from a to b, a, b are called limits of integral. 


(Notes) 
1) If fis continuous on |а, b] then Lie, В < zuia, A) во, the approximate value of the 
integral 15 ^ 


ЖЕТІП 
J 


a 
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2) ЇГ xe [а, b], х)2 Оеп | f(x)dx gives the area of the region А. under the curve f whic 
nonnegative number, a 
Here dx means (indicates) that the values of a, b are the values of the variable x. 


Y 


(Figure 4-19) 
3) ЕЕх)=0 xe [а, b] then 


Ї f(x)dx 50 


E] 
And this doesn't mean the area,but the area of the region 
A shown in Figure 4-20 is 


ЯГ” (һа 
қ | 
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INTEGRATION — 
р 


4) The value of | (хуйх depends on the interval [a, b] and the function f(x). 


ü 


Example 1 
3 


Let fx) = x^, E [1,3] + IR then find the approximate vaule of | x^dx if the interval 
[1, 3] is divided into two sub intervals. | 


Solution 


fix) = х“, f is continuous on [1, 3] since it is polynomial function. 


à Pix) = 2x, Tix) =0= 0) = 2ҳ > x =0 is critical number but 06 [1, 3] 


hD2—2———-1 


b-a 3-1 
П 2 


^. The local maximum and local minimum of each intervals will be on the end points 
ofeach interval [1,2] ,[2,3] 


Це, 1)-1(1)-1(4| =1+4=5 


Ще, f) = 1(4)- 1(9)2 4 4 9» 13 
1 


| 54 13 i 
I хіх = E 29 approximatelly 


ir 
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Example? 


ЕЕ [2,5] > IR, х) = 2x - 3 then find | f(x).dx 


2 
Notice that f(x] > 0, vx&[2, 5] 
5 
^. the integral ШЕ will be area of A. and it is 
3 

trapezoid region. 

^. the area of region A is 
ies: ' 

хэ бан ага parallel ий % БАЙН (Figure 4-21) 

х А DANG @)G) =12 ш 


It can be also found by the previous way as follow, 
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Example 3 


SHUN 


In the figure 4-22 notice that the region of A is rectangular region whose base is 5-1 = 4 units and 
width is 3 units 
7 


(1,3) 6,3) 


(Figure 4-22) 
с А=4 (3) -11ший 


f f(x)dx = 12 unit? 


| 


the second way 


Ца, = him; = 12, (а, f) = 2 вм; = 12 


5 КЕН 12 unit? 
2 2 
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INTEGRATION 


Exercises (4—2) 


13 
1) Find approximate value for integration 1 x dX using partition © = (1,2,2). 
2) Let Ї(х)-3х-3 41; [1.4] —> R, Find value of integration p fix)dx 


using the partition, = (1,2, 3.4 ад then satisfy geometrically by calculating area region under the curve Ё. 


4 
3) Find approximate value of integration [(3x -3]dx using the partition 0 = (2,3,4) 
i 


аам integrin К Еодах such the, (К <4 


4 
5) Find approximate value of integration x’ @х using four regular partitions. 
| 


We learned in the previous section finding the value of Jm such that f is continuous on 
Їл, b] by using the area. 8 
The following theorem helps us to finding the definite integral. 


If fis continuous on [a, b] then there exist a continuous function F on (а, b] which is called "Anti- 


derivative" of the function f such that 


d 
fi f(x)dx  F(b)- F(a) | where F (x)= Дх), Ухс (a, b) 


| 2% 
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INTEGRATION лә, 


If fix) = 2x, Е: [1,2] IK. then F(x) 237, Е:[1,2] 9 IR 


For examle, 


Fix) = 25 = хЬёхе (1,2) -and upon it 


2 
Ші Fi2)- F(1) 


Example | 


If f(x) is а continuous function on [1. 5] such that Fix) = 1х2 is antiderivative af f then find 
ЕП, 5] IR | Fix)ds 
| 


5 
Јев = 5) (1) = 3 (5)2-3 (1 =75-3=72 


and we can write that as following 


5 
г. | 2 E 
| ов-вө- [3x |-75-3-12 
| 
If fis a continuous function on [ д ard the antiderivative of f is F(x) = sin x, 
— IR then ie Fix jdx. 


u 


Fh х 
2 
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1 INTEGRATION 


UA \ 
ТЕСЕ r= |-F( = sin sino = 1-0-1 
| 


Example 3 


Prove that F : 1, 3] — IR. Fix) 2x? + 2 is an antiderivative of the function f(x) = 3х2 


Fix) = x? + 2 is a continuous and differentiable on IR. since it is polynamial function. 


Е is continuous on[T, 3] and differentiable on (1, 3) 
eU , 
F (x) = 3x? = f(x), х= (1,3) 


Е is antiderivative of f on [1, 3] 


Exam ple + 


Prove that F: Ех) = 5 sin2x is an antiderivative of the function T: В ->R , f(x) = cos2x 
a 
then find | cas 2х.йх. 


- 


0 


Solution 


fix) = cos2x, Г: К — [-1,1] is a continuous and differentiable on IR since it is triganometric 


function. 


Fix) = ; sinzx is a continuous and differentiable on IR. 
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INTEGRATION 


Pik) = Саар omes (9) xe IR 


ых 


Е is antiderivative of f function 


[ке -F(b-Fjía) (Theorem 4-2) 


a 
7% E 
спе zd = 1 паз й ап.) 010) 
2 0 2 4 2 | 
г Е 
LF 1. 1 1 
| — oe алшы Ü = Оа — 
; 45-5 n0 0510-095 


LGOT . P(x), п 


1 
1 


In the table antiderivative of fis Fre where с is constant real number. 
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я 


4 E 
| «дасч шэ| um tan = 1-0= 1 
0 4 
0 


П 
T 
Find | сас х dx 
t 


_ Solution | 


2 
|| csc*x dx -| кок | 
i 


т 
Find | secx tang dx 
0 


з-с0-кон--041-1 
S ч 


Aja roja 
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it 


f secx lanx sxe secs coo ввоз 
1 
a 


Example 8 


3 


Find | хЗах 


1 


solution 


Firstly, 


|. Fis continuous ап |а, b] and if 
р 


fix) 2 0, тхе (а, В] Шы 


8 
For example, 


? 
" Б >0 өшейу-х>0, ухе [-1, 2] 
1 


170 


1 
hi |» 20 since fix) — 37 0, ¥xe [-2, 3] 


“2 


3 


с] J {x+ 1}ах > 0 since f(x) = (x * 1) > 0, Vxe [2,3] 


? 


b 
2. fis continuous on |а, b] and if ехе |р, М, fix) 50 then БЕ 


a 


For example ^ 


a) | c» since х) = 0, Әхе [1,2] 
? 


-1 
b} ГЕ 50 since fix) € 0, vxe [-2, -1] 
-4 
Secondly, 


f is continuous on |а, В|,с is а constant real number then 


в. 2 | 
ШЕ. 
4 ne 


5 5 


If ПСЕ find | хөв 


i 2 


Solution | 


5 3 


[sos = ДІ -5(8)-40 
1 


z 
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Thirdly, 


If f(x), f,(x) are two continuous functions on |а, b] then 


We can apply this property for sum of many functions which are continuous on [a, b]. 


Example 10 


3 3 


lf | f,(x)dx = 15, Т f,(xjdx= 17 Шеп find each of the following ; 
1 | 
ІСІ fx) dx, ПЕ 
І | 


ЗОО 


3 


3 
Ї Fix) T f(x) | = Г(х)х + С 15:4:17::32 
1 


| | i 
(КУУ ХАС 15-17--2 
1 1 ! 


Example 11 


2 
I fa) = 312+ 2x then fad. | ток 
I 
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fion- forma мас | эь 


Ї 1 1 1 
+2] =(8-1)+ (4-1) =7+3=0 
Fourthly, 


If fix) is continuous on (а, b] and ce (а, b) then 


-Ё h 


[ b 
] f(xjdx = | х х + | fixjdx 


а Е 


Lxample 12 


3 
| ов fois then find [os 
І 


| 3 


7 
С ЭГ 548-13 


| | i 


Example 13 


= 


4 
ЇГ fx) = |М then find | (хуйх 
3 


Solution 


If f(x) is continious on |-3, 4] and the absolute vaule function as the rule, 
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4 
fix) = X, ух 0 j | 
|-x vx <0 I 
33 
J fix)dx = -J (xc Í xix =|]? + ES 


он Не-е 


"wm 


Example 14 


If к =| АІ YAZI aen find ] (ках 
| 3. "x«l F 


fis cantimious on [0, 5] 
(1111) 241) 315-3 


lim(2x+ 1)- 3- L 


lim Ёре = 
өш, e) p 1-1, ЯГ 


lim f(x) = 3 = lim х) = fi) 
к] х-| 


And also fis continuous on [x : x 2911, іхіх< |} soit is continuous on [0, 5] 


1 5 
/ fíx)dx = / f(x)dx + / f(x)dx Í J 


Д 5 | 5 
ы | + | Qx+1dx =[3x] +[x7+x] 
| 


0 


- [3-0 |+ |25+5 |-|2 |=3+28=31 
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a) 1 f(xjdx = 0 b) | дік =- if f(x)dx 
a a b 


For example, „р 4 
ТЕБЕ b) fes- [зг 
1-23 
i 
using the rule. --[3], 
E] 
[к= -421 [s |-- 19 
1 


Exercises (4-4 


1) Calculate the following integrations 
а} [(х-2) dx 
“(ез 2x4 I) dx 
afta + 4x] dx 
| 
di jh -| х 


9 | (x+ osx dx 


Г) 
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2) Prove that F(x)=sinx+x is anti-derivative of function f(x) whereby F: log +R 


т 
в 
i 


f(x)=1+cosx Whereby Шы then compute [f(x )dx 


3) Find the following integrations 


a) [0 -2)(x +1) dx 


| : 
b) хаах 
М 


о а) 


> 
4) If (9e va 


4 
| х)4 
pane хамаг И) х 


а 2 1 
5) If (у-у is then find [f(x)dx 
к, Vx« d 
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l. Fi: [1,3] А.Е х) 241 


2. F4: [1,3] Е, Fix) =x? + : 


3, Еу:11,3|-58,Еүх)-х2-42 
4, Fy: [1.3] R, Fyx)=x*-5 


Note That Е, Р, Р, Р, stisiy: 
i) Continuous on [1,3] . 
ii) Differentiable on (1, 3) 
ии Fi 
Ш} Үхє (1,315 6 =F =F, 22x. and so 
у) Руку = 07+ 002+ Ly = > 


Fix) - Рх) = (x? + 1) -(x7 - 5) = 6 


So: In general = F(x) + С 


where с is arbitrary real constant 


хашс 1 


Find ГЕ if you know that 


3) х) =3: +21 +1 
Ь fíx)- cos x t x7? 
e) fx)7Xx- sec x tan x 
d) f(x) sin(2x +4] 
n 


3 
a) өгөн ра 2 ЕРЕН 


FRE 


-1 
hj | ene = аха +e Чех 
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c) fo +secx.tanxjdx = > хананд 


d) [ж + 4)dx = 5 вх +4) +e 


Example 2 


Find each of the following integrals. 


а} | эз ena с) E 


= 


b) | (3х58х55) (ced dx di j алх sec? xdx 


a) | (x? +3} (2x) dx 


We assume that fix)-x^-3 then ї (х) = 2х 
2 3 | 
Б + 3)*(2x)dx = ІШЕ dx = НШІ ҮЕ = 262% 34 c 


2 b 
b) | (3х-8х-5),(3х-44) х 


We assume that 


^ 
{х)=3х°+8х+5 then f(x) =6x+8 


ха чийн 1 3 5 
анин Duero: (3x+8x+5).(6x+8 idx 


5, [ко] 
= 5 ІШ РЕЯ: ces c? ТЕЛЕДІ ic 
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INTEGRATION 


cl е 


We assume that 


ffx} = sinx = Fix) = CUSX 


3 
ЕСІП 


{х 
5 5 
4) Б see" xdx 


We assume that 


fix) = tank = fix) — sec? x 
7 
5 $ f(x) 
mus E sec^xdx = | | F(x) | соо = LM = luns +¢ 


Integral of Square of the Trigonometric Functions 


Here we сап also remaind these to stadents 8078 + cos*ü- 1 


1 + tan) = вес) 


|. Е lane с 
2, EL =— 008+ 
| se f etos f эдэ в imos 


| «дөө» [toii o nite 
Б ө- | 92) ШЕСІ. 
3 3 4 
D. | 


= —B--—sin28-4«c 
Li № 
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INTEGRATION 


Find each of the following integrales 


| IS =- Jos ix ыс 


2 IE six” (3x? ) dx e 

3, | mas = Lr nm (sinx — cosx) dx 
= СЕЕ tí(cosx + sinx) + c 

4 


ә а 
sin x dx = Lo NR: E ТЕ + сов Ixdx 
4 4 4 4 
1 1 1 і 
= — | dx—— [| 2cos2xdx-- — ах + — f 4со84 хх 
4 4 8 Г 32 


"Зар NES | 1. Ecol 5 E e 
-—X-—sIn2X4 —X-4—sindx--c ——X-— sin2X + — АХ ec 
4 4 8.32 8 4 32 


(sin x — cos х) 
РЧР 


5, [incon eosa sing = z 


өз 


| +1ап^х tan ^x -1 
dx = | нө, sec^xdx = +6 = +e 
tan^x m. 1їап “х 


; із 
Ц ГЕ ао вое онан f окон sna 2 ы 


an* 
ta 
| _ E T ep 
cosx 2 
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INTEGRATION 
9. | біпбх cos? 3xdx = | (2sin3x cos 3x) cos? 3xdx = 2 | cos? 3х ѕіп 3xdx 


cos 3x 
4 


= 24 х +є —— 
p 
3 6 


4 I 2 E. 2 E T Р 
” Ї sit _ | cos 2x-sin 2k 4 _ f (cos 2x — sin 2x)(cos2x 4 8123) у. 


cos 2х — sin 2x cos 2x — sm 2x cos2x — un 2x 


= f enne sin2)dx = тэй 2x ~ 0082 4-6 
11. sin? 3xdx = 1,148 ғғ 
? 0 
12. ева ene 


13. EL ~tan7x-x+ с 


Exercises (4-4) 


Calculate the following integrations. 


i уеге Е r jem | 
Х 


Л 


4, [ese xcosx dx 


1 
3 | COS X 


5 === 6. Rr 10x-- 25 dx 
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1. Ба хас 
9, [аг +) 


11. | 0 -сов3хУ d 


13. [вес?4х dx 


14. [tan хах 
18. (соғ 2xdx 


18. | со! 3x cx 


ИН х-1 
Ini - ао Гел 
ї а 


ШИ б= к 1 


By using chain Rule : 
ЕТТЕГІ 
a du ік 


TELA ЖЕ |... m 
^g n) "ine 410) тыл 
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qu INTEGRATION 


Example 1 


гу = In 33? + 4) then find SE, 
X 


Solution 


dy 1. d(@x*+4) 
dx a4 dx 


d(Inu) = lai 
u 


Example 2 


Find а 
| 500 


Solution | 


Assume that u=] + 919 


= cos = du = cas 0 dA 


cos 040 du 
-f = Inlul +e 


1+sin8 шоо 


= In|1 + sin] +c 
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Let  y-Inx lx, y): ¥=Inx, x 7 0j 
х = 1а liy), у>0, xelR 


іше 


Domain of In^ (y) is the range of In (x) 


Exponantial function e* (e base) is the inverse of natural logaritmic function ‚И derives all of its 
properties from this fact 
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ify = ex then find ЧУ, 
dx 


Solution 


Че их) = ИХ „Ф (талх) ын Чу = pit, sec^x 
dx dx dx 


Find ] x.e* dx 


хі = ц = Zxdx = du 


Definition 4-2 


Ifaisa positive number then 


"E 
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Find T for each of the followings, 


a) y = 3163 Буг” с} y = gim 


" у. 35-5 (2) 13 


zx (21n3) 3 2-3 


у= 4 =2-%*(-2x)In2 
y = dc | 
= (-2xIn2) (27) 


с} y= 59А 27 = sin со х(|р5) 


Фу 
dx | 
= (In5).55* cos x 
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Exercises (4-3) 


11 Find 2 for the following. 


а) у=1п3х 


0 уе!) 


2 
Х 


"abes 
в} у=е 


“инь 


| у=7* 


2) Find the following integrations. 


Ж 
а) [—4 


Tis! 


юз 
Ч | e" dx 


ind 


e) ҮЭ: 


te^ dx 
) 
" ГЕ 
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X 
b) y=In| Ž 
j (2 


Шу-(ша) 
уе! 2-совх) 
шу g“ 


| yare 


In? 


d) Ге 
1 


j 3x +4 
Хх 4x4] 


up eed » р -&ldx =30 
E | Ja JF 9 


в k 
4) f(x) is a continuous function on interval [-2,6] if [fends =6 and лозја =32 
1 


i 
then find | fix)dx 
2 


и 4 
$) Find value of ae В if | нэгд шэн 
IX 0 
3 
6) Let F'(x) à - 2x -& , where by eR, a function its шіп, is (-5), then find [rods 


T) Ifthe curve f(x) = (x3) +1 has inflection point (a, b), then find the numerical value of : 


[f \ах- [f одах 
ü 


[4-5 - Plane Area by Definite Integral 


Let y = f(x) is continous on |а, b] and А is the arca under curve and bounded by the lines x= a, х = b. 


and x-axis у 
b 
If fix) > 0 then area A is uL 
a 
һ 


Lf Их) < О then area A is МЕС 


v E 
(Figure 4:23) 
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In order to calculate the area under the curve and bounded by x-axis and the lines x =a, x= h. 
1. Find the points where f(x) = 0 

2. We use the paints which make f(x) = 0 and we determine the partitions. on [a , b] 

3. We calculate the each integral for the partitions. 


4, We add the absolute value of each integral found in (3) 


Example 1 


Find the area of the region under the curve fix) = x? — 4x and bounded by x-axis on the interval |-2. 2] 


First step : 


fx) =0 
ng -4x-Ü | ; 
xix?-4)- 0 r 5 9 ) 
xix -2) (x+2)=0 i ЛЖ 


1Х-0,х-2,Х--1 


Second step : 
The intervals are [-2, 0], (0, 2] 


Third step: 
ü 4 ü 
A= | 4 ак =| 252 | -0-14-81-4 
ef e аа) oe] ; 
=? x 
d 4 2 f(x) 2 x! - dx 
цагг =[4-8|-0=-4 ii 
0 ы я 
Fourth step: 


We add the absolute value of the result 


А+ АЛ > А MEE HIE =4+4=8 unit? 
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Example 2 


Find the area of the region under the curve у = x^ and bounded by x-axis and lines x ^ l, x = 3, 


Solution 


yeü- x0 
x-0 e[1, 3] 
fix) 0, хе [1,3] 


1 ШЕГЕ 
| 


3 
2211 26 ,2 ши? 


(Figure 4-24) 


Example 3 


Find the area of the region bounded by the curve. ү=їїх}=х?-3х?+2х and the x-axis 


Solution 


y=0 1 1 
x? — 3x7 + 2x=0 xix = 1) (x 2) = 0 [| / 
Г a | 1 
х-0,х-1,х-2 = | 
А, 3, 3 


the intervals are (0, 1], [1, 2] 


| 
4 
А, = ЦАС за) 


1 
4 
A= foes *2x)dx- [sel 


1 1 


[Figure 4-25) 
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INTEGRATION 


| caf ан 8 
м (+-1*1)-©-5 а жала шт 
А=|А А, | 
а= lcu 1.1 aw? 
"eI | uou 


Example 4 


Find the area of the region bounded by the curve y = x^ — | and the x-axis an the interval [-2, 3] 


x-intercepts, 


у= 0= 0= х2 |= х=+1 е [-2, 3] 
the intervals are [-2, 1], [-1, 1], [1,3] 


(Figure 4-26) 


-1 -1 
А МЕГЕН И ы. A ot Ld E. 
|j 3 3 3 3 3 3 
42 i 
| = ТП 
As | х2-1)вх- Ж |. UP е =] E X E 
= x | 3 3 1: 8. 
-І 


3 


А, = | ё- 1)dx Үе 


3 
әз 1-06 2280 
| 3 3 
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INTEGRATION л», 


Az [ATE [А 151953 


Ч НУ Өр = 


Example 5 


Find the area of the region bounded by the curve у = sin x and the x—axis on the interval 


Tn 
—— | 
2 


.snx-0Ü-x-Ü-nr,neZ 


n-0-x = 0 E E: 
2 
n-lex = л um 
4 
” T 
n-25x-7 ЖЕ “ae 
Л 
nz-125x- -NE |---, 
2 
--2әх- же, 
" the intervals are -50 and |б.) 
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(Figure 4-27) 


0 4 
Ас sinxdx=|-cosx] ооо) 0-3 | 


т zZ 
7% 
А. ==1+0=-1 
A,= [oon rom 09 
0 
A,=1+1=2 
ААА 


А = |-|+|2|-А=3 unit? 


193 


Example 6 


Find the area of the region bounded by the curve у =cos x and the x-axis on the interval |-л., 1] 


Solution 


it г; 
у= 0 = совх = 0 = ин e 


п= 0 -х- T = | ял | 
1--1-х--% е 23 
i= t rE 2 е| тл | 


: : Т Л T Т 
The intervals are | T 3 ЗЫ; 


(Figure 4-28) 


E 


_® 
Z "E 
сор Ep A хан ER eis] 
Ар cosx dx = [sinx | А, =аш E sin (-л) = sm нап =-Н0=-1 
п 
=" 
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2 : 
А, = ПЕТЕСЕТЕ ЕЕЕ 
7% 
Н! 


2 


n л 
А, = мене =sim -sin A -01--1 
т 2 
т 


x 2 
2 


А= А |+ |А, |+ |А] 


А=|-1|+|2|+|—1]|=1+2+1=4 unit? 


In order to calculate the area of region between the curves f(x) and g(x) which are continuous on |а, b] 
follow the steps. 


h 
|. Ef f(x) > віх) on (а, b] A= | | Fix) - w(x) х. 


a 
р 


2 EF fix) < a(x) on [a, b] дш / | ft) — x) [ах 
а 
3, [f two curves arc intersected between [а, b] we find the intersection points by solving fx) = gix} 
After we find the values of x which belongs to (а, b) and then we divide the interval 


into partitions and we calculate the integral of difference of two curves on each interval, 
finally, we add the absolute values of cach integral. 


195 


Le: Tx =a 


“xe nts x(x-1)=0 


Ий eg 


5 


| A 
SA eles unit? 
(Figure 4-29) 


Example 2 


Find the area of the region between curves у = x? and y = x. 


ошоп 


(Figure 4-30) 
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x*- 


ril 


Let ХЗ =x I | 


Х!-х-0:5 х(х-1)(х-1)-0 -1 ; й 


х-0,х--1:5(-41,0|10,1| 1 І 


Az [АА |= ет + [к= 


=] 10 
ü 
га Л 
4 1|, 


| 
4 2 |, 


ak Gabe 


+ 


1 | 
4 3 unit 


| 
4 


Г.хатре 3 


Find the area of the region between curves х) = cos x, р(х) = sin x on the interval 


Solution | 


sin x = cos x => tan x= Í 
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m. 
x 


2 


ш = 
СІ | (жей sinx dx 
EL й 
2 (4 
Ж 
| | 
15: 
4 


sin соя = ЛЕР: клан Jl 
4 2 


х 
= [sinx + cosx] 4, + 


E, cos) | sin хеви) 
2 2 44 


А-141-11411-421-4241441-1-242 unit? 


Let V(t) be the velocity of an object moving on the straight line the distance which is traveled 


8 is displacment 
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Example 1 


An object is moving on а straight line at a velocity 
v(t) = 2t 4 m/s, Find 
4) The distance traveled on |1, 3] 
h) Displasement on [1, 3] 
c) The distance traveled in fifth second. 


d) Dislacement after 4 seconds from initial motion. 


Solution 


а) А24-440-1-26|13|-| 21 | 


ЦЭН f 21—4 Jdi 


к (4—8)-(1-4) |+ (9- 12)-(4-8) -141-2ш 


| 2| | 
d= = [2-м 112-4 р 


СЕСЕ 


J (2-3 


4 


4) s= f (з-аа-18-4| 8-8 [0]-0 


"ER = [2-«]|- [5-20]-[16- 16] = 5m 


199 


INTEGRATION my 


An object is moving оп a straight line an acceleration of 18 m/s , if its velocity 
82 m/s after 4 seconds from initial motion,Find 
а) Distance during the third second 


hj Hs displacement from initial motion point after 3 seconds. 


it) v= онь f ina 
v= 1йї+с ott t=4 
82 = (18) [4] +е-е= 10 
v= 181+ 10 


18-107 0 у> 0 


3 
d= "n 10 at = [92+ io - [31 +30 ]-[36+ 20 |= 55 m 
i 


1 
b) нэ ЕШ 
0 
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INTEGRATION 


Exercises (4—6) 


|) Find the area of region bounded by the curve y-x*-x „x-axis and the lines х= -1, х=] 


Find the area of region bounded by the function f[x)9x -312-4. and x-axis on 


Pa 
— 


the interval [-2.3] 


3) Find the area of region bounded by the function Цх)- x^^ and x- axis. 


Lu 


4 


=== 


x 
Find the area of region bounded by the curve y-sin3x and x-axis on the interval [И 


5 


Lum 


à; ; | PN. 
Find the area of region bounded by the curve y-2cos^x-1. and x-axis on the interval hi 


b 


— 


Find the area of region bounded by the two functions y EL andy =x —1 on theinterval [2,5] 


7) Find the area of region bounded by the two functions у= - у=х* -12 
^) Find the area of region bounded by the two functions Их)-зіпх and gí(x)esinxcosx such that 
xe [0,22] 


е 
9} Find the area of region bounded by the two functions ЇЇХ)}=2&їпх+1 Біх)-віпх such that хє СУ 
10) Find the arca of region bounded by the two functions у=х?+4х?+3х and x-axis 

11) Ап object is moving on a straight line with the velocity vitrat?-6t+3 m/s calculate 


a) Distance traveled during the interval [2,4] 


201 


b) Displacement during the interval [0.5] 


12) An object is moving ona straight line with acceleration a(t}=4t+12 m/s? . If the velocity after 


4 seconds from initial motion is 90 m/s, then calculate 
a) Velocity at 1—2 
із Distance traveled during the interval [1,2] 
сі The displacement after 10 seconds from initial motion . 


13) A point is moving from stillness and after t seconds it’s velocity becomes 1001-62 m/s find the 


required time to return it to it's initial position. Then calculate the acceleration at that time. 


1. The volume a shape which is formed by rotating the region bounded by the continuous function 
у= Их) from x-atox-b about the x-axis. 


2. The volume a shape which is formed by rotating the region bounded of by the continuous function 
х = Қу) from y=atoy=b about the y-axis, 
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р INTEGRATION 


Example | 


Find the volume of a solid shape which is formed by rotating у= fx on 10, 4] about x-axis. 


y- [е 
4 МЭ" a 


FI -Ел-0-Еп unit? 
2 1 


(Figure 4-31) 


Example 2 
Find the volume of 


4 4 


4 
V= fra- | rio- Lr = alod- 0l- 2xln2 wit? 
у 1 
| ! 


x xx. after rotating on | Ey € 4 about the y-axis, 
y 


Example 3 


Find the volume of shape formed by rotating the region of parabola whose equation is y^ = 8x 


and the lines x = 0, х= 2 about the x-axis. 
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Solution 


b 2 
2 
ү-л/ увел | вхёх-41|х2|, = 1бл ши? 
ü 


Example 4 
Find the volume of shape which is formed by rotating the region of parabola whose equation is y = 2x2 


and the lines x = 0, х= 5 about the x-axis, у 


Solution 


" е : 
Үе "ET - "T = T x? | 
5 0 
а 0 


T F. 2125-2800 unit" (Figure 4-32) 


Example 5 


Find the volume of shape which is formed by rotating the region of parabola whose equation 
isy=4x? and the lines y=0, y= 16 about the y-axis. 


16 yx 


у= л ] Ty = т ‚| = ав эн unit? 
| 


Example ù 


Find the volume of shape which formed by rotating the region of the curve y=— and the lines 
X 
14у4 3 aboutthe y-axis 
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Solution 


y=l=ox=3 


у= і = х=] 
b 


ves [9% 


3 1 
ven [| A dy 
ы *] 


(Figure 4-24) 


Exercises (4—7) 


1) Find the valume of the shape which is formed by rotating the parabola whose equation is 


ү=х? and the lines x=] and x=2 about the x - axis, 


2} Find the volume of the shape which is formed by rotating the curve у-х +1 and the line 
y=} about the y - axis. 
3) Find the volume of the shape which is formed by rotating the y^ +х=1 and the line х=й 


about the y - axis, 


4) Find the volume of the shape which is formed by rotating the curve whose equation is 


у2-х3 and the lines х=0 and x-2 about the x-axis. 
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5-1 Introduction 

5-2 Solution ol an Ordinary Dilferential Equation 
5-3 Special and General Solution of O. D. Е 

5-4 Ist order Ist Degree Ordinary Differential Equation 


5-3 The Methods of solving Differential Equation 


Ordinary Differential Equations is a major subject in applied Mathematics, it has relevance to many 
scientific disciplines and engineering. In this chapter, we will discuss the differential equations and ways 


to solve them. 


Definition 5-1 


Differential equation is the equation, which contains one or more derivatives for unknown function (i.c. 
the dependant variable in equation). 


Ordinary Differential Equation is the relationship between independent veriable, let it be (x) and its 
unknown function (y) (Dependant Variable) and some (y) derivatives according to (x), it is symbolized 
аз O.D.E. which stands for (Ordinary Differential Equation). 
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hor Example 


ду 1 

І.----3 =i 4, EX + = 
dx у-чх утхутх-у 
P 2 

2. х2у +5хў - ху = 0 5, Ры +2 шх= 5 
1 

3. үш mynd б. y +созу хуу = 0 
dx? dx 


All of the ebove are Ordinary Differential Equations because y variable depends only on 
x variable. 


Definition 5-2 


Order: Order of Differential Equation is defined as order of highest derivative. 
Degree: Degree of Differential Equation is defined as highest exponent of the highest derivative in 


Differential Equation. 


Far Example 


i E, Х-7ү-0 first order, first degree. 
d*y 

2 кездс ы second order, first degree. 
2 

3. бУ-у-у-0 third order, third degree: 

4. y"4 у = 0 second order, first degrec. 

NT 

5, ЕЭ =х?-5 first order, fourth degree. 
aldv [ау , 

6, x* а) +|— | +2——=0 third order, second degree. 

dx dx? dx? 
7, y e cosy E xay $ =0 fourth order, first degree. 
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Degree of differential equation with algebraic derivatives 18 the algebraic degree of the derivative with 
highest order in the equation. For example, the differential equation: (y" = 1+(y'P is the the second 
order, because y" is the highest derivative in this equation. 


Whereby, roots and fractal exponents сап be removed, we get: УР = 1 + (у Thus, the differential 
equation is in the fourth Degree. 


The aim of studying differential equation is to find solution for them, this is done by finding a relation 
between the dependant variable Ү and independent variable X, in such a way that the relation shipis free or 


derivatives (without derivatives) and the differential equation is satisfied by substitution. 


Defnition 5-3 


Solution of differential equation is the relatonship between its variables, in such a way that: 
в, Derivaties free (without derivatives). 
b. Defined on certain interval 


c, Satisfy the differential equation 


Le solution of ordinary differential equation is any function of an (unknown) (dependent variable) 
indicated by indepentent variable which satisfies the differential equation. 
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Example | 


Show that the relation y = x^ + 3x is a solution of differential equation xy = x^ + y 


Solution 


у= x2 + 3x, we find у, thus: 
у= 2+3... Da y-2x«3.(2) 
Substitute (T) and (2) in the right hand-side and left hand-side of the differential equation, as 
follows: 
LHS = xy 
= x(2x +3) = 2x? + 3x 
RHS =х2+у= х2 + х2 da 


= 32 + 3x = LHS 


Therefore, the given relation is a solution of the differential equation above, 


The solution of the ordinary differential equation is any relation between x,y and satisfies the equation. 
However, the general solution of any differential equation ts the one, which includes a number of arbitrary 
constants equal to equation order. If the equation is in first order, its general solution must include one 
arbitrary constant Le. integral constant, which emerges in doing integral step for first order equation. 
However, if the equation 15 second order, 15 solution must include two integral constants because we have 


two integral steps when solving second order equation and soon... 


| For Example 


dy; =O 
4% ¥ 


It is a first order differential equation and satisfied by particular solution y = езх, as it appears іп 
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substitution of differential equation, yet, the general solution must include one arbitrary constant 
c, thus: у = с 
1 


Фу 


Ав for differential equation, me у= Ü it is second order and satisfied by general solutions: 
dx 


үе sinx, y=cosx, although the general solution must include two arbitrary integral constants, like 


А, B, hence, the general solution is y = A sin x + B cos x. 


Example 2 


Prove that y = x In |x| - x. is a solution equation E -zXty, a> U..(1). 
5 


SOLITON 


The equation y =x [а |х|—х is without derivatives and defined on x > 0, to prove that it is one 


solution of differential equation (1), we directly substitute in (1) 


LHS = E = Ч xi 0-1 


=x,(f+In|x|-f}=x nix| 
RHS8ex-yzx4xnx|-xzxn|x| 


Thus, the given relation 1s one of the special solutions of differential equation (1) 


Example 3 


Show that ac R, In y? = x +a is a solution for the equation 2y' — y = 0 


solution 


шу=х+а=>2мМ=х+а aa yy at 
¥ 
= 2y =y >y -yai 


х lny% =x +a is а solution of the above equation. 
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Example 4 
2 


l: y=x7 +x —2 a solution of the differential equation ү = 6x? 


Solution 


dy d^: 


34 y-25 0 = 3261-0 ох 
dx 


y-x 


2 
Thus y = хі +к-2 isa solution of the equation oy = fix 


Example 5 


Prove that y = 3 соѕ2х + 2sin2x is a solution of the differential equation $ +4y = 0, 


solution 


узе бео бір. Ш) 
= —6 sin 2x + dcos 2х 


at 
= 


” 
¥ 
2 | 

y =-12 cos 2x – Bsin 2x ... (2) 


Substitute (Т), (2) in left hand - side of differential equation, we get: 
ІН = (-12 cos2x — 8 sin 2x) + 4(3 cos 2x + 2sin 2x) = 
-12 cos x -&sin 2x + 12 сек 7x + 8 sin 2x — 0 Right hand - side 
- RHS 
Thus, y = 3 cos 2x + 2sin 2x 15 а solution of the above equation 


211 


Example б 


Is y? = 3x? + x? asolution of the equation yy" + (у) —3x=57 


51111111! 


at у = 352+ > Зуу” = бұ + ir — 
2y (y") + y(2) y = 6 + 6x 
Divided by 2 
yy + (у)2= 3 + 3x = LHS = уу" + (y -3x=3 45 Right hand - side + RHS 


Thus, y? = 3x? + x? is not a solution of the above equation, 


Example 7 


Show that y = e de® is a solution of the differential equation y" + у бу = 0. 


Solution 


voy m ei y= 39738 = 402% + o8 
Substitute left-hand side of equation 
LHS- y" + y —6y 
= (de? + geI) + (202% — Зе) (pat 35) 
= doth ое А еі pex ік 
= Ü = Right hand-side 
LHS- RHS 


Thus, у =e7* + &* is a solution of the above equation. 
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Exercises (5-1) 


1. Show order and degree of the following differential equations : 


а) (2-5 je о 


2 
3) zi os 7 


i 37 + Ву = “Зан 


2. Prove фару = sinx is a solution of the equation у * y=0 
2 
3. Prove that the relation s = 8 cos 31+ 6 sin 3t is a solution of the equation л 9s = () 
dt 
| | | х 2 24 и 
4. 15у=х + 2a solution of the equation y + 3у “ух? 


, ЖК. TY 
ls y = tan x a solution of the equation у = 2y (1: y^) ? 


ын 


2 
б. 18251-у151 a solution of the equation уу л -27 
: ; i 2 ^ 
7. Is yx = sin 5x is solution of the equation ку + 2у + 25yx 2 02 
5, Show that y = ae 15 a solution of equation $ +у= 0 wherea c R 


2 
9. Show that c є R, In |y] = x? +e is asolution of the equation у = 4x2y + 2y? 


solving differential equation 1s opposite to differentiation operation „ie. it depends on integral 


operations, Usually, finding the apposite differentiation (direct Jof each function is not possible. 

We do not expect to have a general solution Tor each differential equation depending on initial 

common functions. Therefore, solvable differential equations can be divided into several types 

according to ways of finding their general solution. In this chapter, we will discuss first order 
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and first degree differential equations with two variables x,y. This type of equations is simple, 
although finding a general solution for them is not possible, and there is no general way of solvin 
them. Therefore, these equations will be divided according to way of solving them: 


|. Separation of variables equations 
2. Homogenous differential equations 
3. Exact differential equations 
4. Linear differential equation- Bernoulli 
In this chapter, we will discuss (1), (2), and ways of solving them. 
For Example, First order first-degree differential equation has following 
two forms: 
Б е = F(x, y) 
2 M(x, y) dx + Nix, y) dy 2 0 
Whereby Nix, y) #0, M(x, y) #0 
For Example 
The differential equation Яу... у. 
dx 
Can be rewritten as 
(3хуМх = (x + уМу 
(Sxyhdx - (x + y)dy = 0 
Whereby M = 3xy. N = (x + y) 


In the next section, we will study some ways of solving differential equation. 
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In this type of equations, as it appears from the name, we can separate all the ( terms ) which contain x 


only with dx on one side, and the terms which contain y only with dy on the other side, so we get: 
fix]. dx = pty) dy... (1) 


Then integrate sides of equation (1) 


J зо = | ке 


Whereby, cis arbitrary constant. 


Example | 


: d 
Solve the equation = 2xt5. 


Solution 


dy 
4 y = (2x + 5) 


IE = озвучке 
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dy x-i 
ds : 


Solve the equatian —— = 
y 


SOLON 


Rewrite the equation in the form giy) dy = f(x) ds 
Le уйу = (x — I) dx 

Integrate both sides jw = fo - [dx 

3 
2 


у? = х^-2х+2с = y =+(x?-2x+2c] 


=1(x?-2x +) 


Where у 22* із arbitrary constant 


ре 


Example 3 


Solve the differential equation dy = sin x cosy dx whereby y = (7n + 1) T cas уз) 


11111141) 


Rewrite the equation in the form gí(v) dy = fix) dx 


ie. 

эв = sinxdx 

con” y 

sec ydy = sin x dx 

Considering integral = fi sec“ ydy = | sin х dx 


lany==cosx+e¢ Whereby с is arbitrary constant 
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Example 4 


Find solution of differential equation у”-х (y = 0 where x= 2, у=9 


Solution 


Угх(у S yi Seay? 


dx dx o 
ТЕЕ 
Substitute x = 2, у = 9, we get: 
W9=O)+emba2iesend 


. the solution is 


| 2 
Wy 2х2. = «| +2) 


Solve the equation ЕЧ = 4 7** where y — 0 when x = 0 
x 


11111141 111) 


Фу» -y 2 
-э eue dy =e dy 
dx E = 


fec 9-1 f apd 


ax od 
-g ze ес 
г. 


Substitute y= 0, x = 0, we pet: 


ө-870---0766--1 өзе те.) 
2 2 2 
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Thus, the solution is: 


е7 zoe? E. mec lag -є**\ 
2 2 
d: - 1 _е® 
SO 3 
е" = : 
J- 


| Example 6 


Find general solution for differential equation (x + 1%) =2y 
х 


dy ., 3 | dy ор 0х 
y x4l y J х41 


In" In(x*1? +e Inpyi-Inix* 1? е 


y l| 
т È ты: | 
ix+ 1 (+ Тр 


In |y = In((x + 1E е) => 
М = e^ (x + 1) 
y73c, (x4 I 


Whereby c, = e* is arbitrary constant 
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| xercises (3 


Solve the following differential equations by separation of variables: 


ару cos? x = sin x hi ку =, х=], yz2 

o S -(х+1уу-1) 8) (у2 + 4у – у = 32 2x 4 3 
x 

уу = 44323 Пех — y*dy = 0 


у= 2e), x - 0, у 


. Find general solution of the following differential equations: 


ду dy 


a) xy + y*=1-y* b) sinx cosy — + cosx эту = 0 
dics y y ЗУ ау | 
c) xeos? y dx + tan y ут 0 d) tar?y dy = sin?x dx 
dE «ай хой ч p. px. 
dx dx зу +67 
peti = 0 
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Variables of differential equation might be inseparable, however, we can transfrom it into a separable 
equation using some transformations, namely, the homogenous differential equation which can be written 


in the following way: 


8-0) 


For example, the equation 5+ ү? ч zx! у, can be rewritten in the following form: 


Divided Бух! + 0 


Show which of the following differential equations are homogenous? 


dy ay? 


| ==—= 


йх 2Xy -x 


Dividing the numeratar and the denominator by x^» 0, we get: 


3X 2 xy 
X 4l Y 
my ft) 
Xx А 


г. the equation is homogenous 
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[22] 


. Differential equaition 2x$y - у? +2х?=0 


Dividing the equation by x^ = 0, we get: 
2 
Xy 28. Х = 0 


ү 2-2 
x х? X 
1 
eap 
X 


2. The equation is homogenous 


3. Differential equaition 


dy 2 х-у 
х у x? 


This equation is not homogenous because it can not be written ав: 


8-0) 


If the differential equation 15 homogenous, itis solved in the following steps: 


Write the equation in the form: 
8. {2 | then substitute у = ог у = vx, whereby v is new variable, which is x function. 
X х 


' Derive y= үх for X, so we get 


- Joining | and 2: 


dv dv 
Х--44-Ї(Ү)4Х---1(У)-ч 
v= fly) +x ef) 
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- Afier separating variables, we get: 
dv dx 


f(v)-v У x 


^ integral of two sides: 


dv dx 
——$= | —ec 
j Pivi- y | x 


we get the general solution by indication of the two variables x , y. 


^. Then substitute, у- 2 so we gel solution by indication of variables x , v. 


Г.хатрїе | 


et 
Solve the differential equation ў = ЭХ 


2ху 
ь11111181171 


Divide the numerator and the denominator in right hand-side by x^ + 0, we get: 


(M 
a m 
ий... 


ре the equation is homogenous, 


pul v= У в equation (1) ... it becomes: 
x 


dy 3y7—1 


k y R 


dy йу 


yzvx жатта 
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substitute (2) in (3), we have: 


xi aye wa „хы 32-1 -v 
dy iv dx Jy 


Scparaling variables, we get: 


iU. ee 
dx N 
lax BV a 
3 «5-1 


fiw 27 dv = In| x|= In| ?- 1| In} | 
X «2-1 


In| x= Inlc(»^- 1] 2 x 24 (97-1) 


Example 2 


+k 
Solve the following differential equation = 


SOLUTION 


Divide the equation by x = 0, it becomes: 


H 

X 
yet үхэх? 
“М oer: Teen 
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И.И ЖИН... 14-80) еі y- 
чм |  v-i 2v.-v +i x 


=іг 2-2% 
2v- y +1 


dv je = npe-v 4» Ішік + In |e 


In[2v- vr + i = Мој = и 


= {ү-н +1 Ыш 


ҮП" = ші 


e? 
Siv-v +1=-—- 
x 


=x +2xy-y =k 


Solve the equation (3x - yy» x ty 


»óolutmn 


Divide by x = 0 
ж BEY Л 1+2, 
ў= ХУ „ух 
3%-У 3-7. 
қ 
1 „14 (1) 
dx j-w 
у dy _ dv 
= — Yok =—=1—-+F¥ 
E x ae 
dv 1+% 
Substitute from (1) 42): x—+v= 
dx 3-% 
dv ley dv vi-2v+l 46 (4-1 
к--- ий. - = ————— 


dx 3-v — &  3-v к 3 
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i-l}? X (v - 1r? 
m e "fia ——s vw In x | =-In|v- |-> 4c 
In x| =- In} +-1 + 
n| x] | y. 
x 
In| y -x|s + 


Example 4 


Find the general solution of differential equation 5259 = +y 


"olutiom 


The differential equation can he written as: 


In this equation, you can verift that numerator and denominator in right-hand side are homogenous 


function of second degree, thus we substitute y = vx, we get: 


а өн) 


Substitute from (2) in (1) we get 


dv x^ x^^ xev) 
— I eee ШШ UR EE 


VEN - 
эх? 2x? 
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х-т E 
dx 

piv 1-20+у2 
ax 2 


жау (у-у 


By scparating variables, we get the following: 


d 1 dx 
Js == = (15 Taking integrals of two sides: 
оо 


-1 
v-l 


вже 


с" Is arbitrary constant: 


MM es 
In| x |+ 20" 


Substitute v E and adding c = 2c' in last equation, we get: 


2x 


=x-—— 
à In| x| +e 
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Exercises (5-4) 


Solve the following differential equations: 


Ч 
рў = тех 
Х 


2) (y? - xy) dx +x? dy=0 
з) (x + 2у) dx + (2x + Зу} dy = 0 


ИЕ Ж: 
ЯЛ АЖЕ ты. 


dx 2ху 


5) (y? = x") dx + xydy = 0 


6) x*ydx = (х? + y3)dy 
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6-2 Dihedral angle and perpendicular planes 
6-3 Orthogonal Projection on Plane 
6-4 Solids 


We have already leamed that both line and plane are infinite set of points. Every two points designate one and only 
one line. Every three non - collinear (not on one line) designate one plane only, every four points non-straight 
designate а space. In brief, line has at least two points, plane has at least three points non- collinear, and 
space has at least four points not coplanar. 

Last year, we learned relations between lines and planes and proved theorems, which сап be used in this chapier. 
Planes arc gaining new concepts and new theorems, all you have to do is go back and read this subject from last усаг, 


Definition (6 = 


Dihedral Angle: it is a union oftwo halves planes with common edge 
The common edge is called (Edge of Dihedral), plane halves are called (face of dihedral) as m fig.(6-1) 
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хи % E Y m mE. (Figure б = 1) 


Where АВ is edge of dihedral angle, (X) (Y ) are faces of the dihedral angle 


Dihedral angle is expressed as. (x) - АВ- (y) : It can also he expressed by edge of dihedral angle if not common 
with another angle. Example: Dihedral angle 


(x) - AB - (2) ЕЗІ 
0)-48-0) ` | 7 
à. L ” 222 (Винеб-2) 
в 


Dihedral angle cannot be written AB in this example because the edge АВ 
is common with another dibedral angle 


When four points are not coplanar (not in one plane), we write the А» BC-D ordihedral angle between 
planes (АВС), (ОВС) (Figure 6 - 3) 


A D 
“. 4 7 
1. (Figure 6 - 3) 
Ч 
с 
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Dihedral angle is measured as follows 


Designate a poini (D) on the common edge AB ‚ and then draw a perpendicular line OC in (x) from D and 


perpendicular line DE in (Y) on the edge AB The measurement of dihedral angle between the two 
planes is measurement of angle COE , itis called COE angle, which belongs to dihedral angle, as in fig. (6-4) 


Be A 


(Figure 6 - 4) 


йб otber wonti; we Dave the эднийг (CC) 4:30): эм 


DC c (X), DE c (Y) 
DC АВ, ОЕ 1 AB 
2 CDE is the angle which belongs dihedral angle AB or (Х)- AB-(Y) 


6-2) Definition 


ien plane : Let (М) be a plane and let L с (М), the line L divides the plane (M) into three separate sets. 


(M;] and (№) is called a half-open plane, while (Wii) Land (M3) \ Leach of them is called a half-plane, 
The common line L between two half planes is called the edge. 


Dihedral Angle : If (M) is à half plane and (№) is a half plane, then they meet in a common line jab). 


So (M) (MN) is called a dihedral angle and ab is called its edge. 


Faces of Dihedral Angle : А dihedral angle is a figure formed by two half planes meeting in a common line. The 
common line is called the edge and half planes are called the faces of dihedral angle. 


Faces af Dihedral Angle : A dihedral angle is a figure formed by two half planes meeting in a common line. The 
common line is called the edge and half planes are called the faces of dihedral angle. 
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From the definition of both plane angle and dihedral angle, we may conclude: 
1) Measurement of plane angle is constant for a dihedral angle. 
2) Measurement of dihedral angle equals measurement of plane angle and vice versa. 


Definition (6 = 2 


c 
А" (X) L (Y; (Х,-АВ-(Ү,- 90° 


Р 7 


ҮА "нь, у 
/ Хх 


(Figure 6 - 5) 


Theorem 7 


"If two planes are perpendicular to each other and if a linc which is drawn in one of these planes is 


perpendicular to the intersection line of two planes, then it is perpendicular to the other planc." 


In other words: (X) 1 (Y), (X) ^ (Y) = AB, CD- (У), СОЈ AB at D2 CD 4 (X) 


Given : 
(| 
L(Y), ГАЈ 
(X) (1) = AB 
+ 
CDe (Yh 


г ООР 
CDL АВ at point D, 


+ 
Required Prove that CD 1 (X) | 
+» ++ В 
Proof: In(X) draw DE | АВ 
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( There is one and only one line perpendicular to a given lime in the same platt п... } 


ын сн o 
CDc (Y, СВІ AR (piven) 


e 
=> £ CDE is a plane angle of dihedral angle X-AB-Y. (definition of plane! angle) 
(Х)4(Ү) (given) 
+ 
= Measure of the dihedral angle ab АВ =W 
( If two planes are perpendicular to each other, then the measurement of the dihedral angle = 90" ) 
= mé CDE=90° 
{ А measure of a dihedral angle is equal to measure of its plane angle and vice versa. 
> + 
=> CD1DE 
(Ifa measure of a dihedral angle between two intersecting planes is 90, then the lines are perpendicular and 
vice versa ) 
e 
= Ср 1(Х) 
| The line that is perpendicular to two intersecting lines at a polni is perpendicular to their plane...... ) 


(Q.E.D) 


If two planes are perpendicular to each other, and if a line 15 drawn from any point in one of these 
planes perpendicular to the other plane, this line must lie in the first plane.” 
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This means: 


In other words : Let AB L(X) 

we Joes 
AB c (Y) 

Given: 


AB L(X) at the point B, 


ABC (Y) 


Required: Prove that (Y) L (X) 
Proofs Іл(Хіл(Ү) = CD (1f two planes intersect euch other, their intersection is a straigh} lin 
BeCD (The intersection plane contains the common points) 
In (X) letus draw BELCD. 
(At 2 given point in a given plage one and only one line can be drawn perpendicular te a given line in the plai 


Sine AB 1 (X) (given) 
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€ € € 


50 АЙ СП ВЕ (Ifa line is perpendicular to a plane, then the line i perpendicular to all lines 


in the plane and pass through its trace.) 


e 
Since AB c (Y) (given) 
= 
So ZABE is plane angle of dihedral angle СО (Definition of plane angle). 


4 - < 
m ZABE-U) (Because AB BE) 


c 
=> Measure of the dihedral angle (Y)- CD -(X) = an 


(Measure of the dihedral angle is equal to measure of its plane angle and vice versa). 


= (Үр 1 (xX) 
(If the measurement of the dihedral angle = 90° , then two planes are perpendicular to cach 


other and vice versa) (Q.E.D) 


Theorem 9 


Through a given external line not perpendicular to а given plane there is one and only one plane 


| 


perpendicular to the given plane. 


+ 
This means АВ is not perpendicular on (X) 


++ 
There is only one plane contains AB and perpendicular on (X) 


Given : 


AB is not perpendicular on (X) 


Required: Find a unique plane that contains АВ and perpendicular on (X) 


Proof: At the point (A) draw AC L(X) ( there is on unique line perpendicular on a given plane , from a point not 
belonging tà that plane). 


AB, AC аге Intersect 


«^» There is one unique plane like (Y) containing them (for each intersect lines, there 15 one plane containing them). 
z^ (Ү)14Х) (Theorem 8) 


To prove Uniqueness: 
Let (2) another plane contains АВ and perpendicular on (X) 


Y ACL (X) (by рим) 
^ 4Сс (2) (Corollary of theorem 7) 


e's (¥)=(Z) (For every two intersect lines, there is one plane contain them) 


ОЕП 


“Tf two intersecting planes аге each perpendicular to a third plane, then their line of intersection 
perpendicular to the third plane.” 
Given :(X) гэ (Y) = AB 


Ж. 
(ЮУ) 1.12) % | OY 
Required : AB (7) 
Proof: If AB is not perpendicular on 2 then no more than опе | L j 
plane contains on (2) (Theorem 9) / рә” д { 
So, AB L(Z) (Q.E.D)  —— 
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Example 1 


In ААВС 


BD L( ABC) 
méA=30° 
AB - 10cm, BD = 53cm 


Find measurement of dihedral angle D- 4C— B 


Given: 


801 (АВС) 
m Z A- 30" 
АВ-10ст, ВО = 5em 


Required: 


Find measurement of dihedral angle о АС В 
Proof : 


in plane (ABC) draw BELAC at (E) point ( Ina plane, there is only one line perpendicular 
on another line at a given point) 


"7 BD L[ ABC) (Given) 


^ DEL АС (Three perpendicular lines theorem) 


DEB (Belongs to dihedral angle) АС ( by definition of plane angle of dihedral angle) 
DB 1 BE (A line that is perpendicular on a plane is perpendicular on all lines contained in that 
plane and passing through its trace - 
ADDE right angle at B 


In ASEA right angle at E 


пъ. ВЕ. 1. BE өс бан 
BA 2 10 
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іп ADBE which is right angle in В. 
tan( BED) 5 = 


Mensure of Л BEDm 45° 
Measure of dihedral angle D -АС-В =45 (because measure of dihedral angle equals measure of it’s 


plane angle and vice versa). 


(Q.E.D) 


Example 2 


Let ABC a triangle, and let ї F Ё Р, ў "a А 
AF 1{ АВС) - 
ED LCF 

BELCA 

Prove that: 


BE L(CAF) 
ED LCF 


Given : 

AF L(4BC), ВЕІ СЯ, BD LCF 

Required: 

DE LCF, BE L(CAF) 

Proof; 

AF L(48C) (Given) 

«4 (CAF) 1 [АВС] (Theorem 8: two planes are orthogonal ifone plane has a line perpendicular on the other} 


Vo BEL СА (Given) 
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ee BEL (CAF) (Theorem 7: Let twa planes are orthogonal, the line drawn on one plane and 


perpendicular on intercept line will be perpendicular on the other plane toa). 


Dj BD 1 CF [Given) 
«« EDLCF (Three perpendicular tines theorem) Q.E.D 
(Y), (X) two orthogonal planes 
AB c (X) 
CR. ЕП аге perpendicular on АВ 


And intersect ( Y) at С.П respectively 


Prove that: 
CD L(X) 
Given: 


BC,BD, АВс-(Х),(Х) 1 (Үуаге perpendicular on АВ and intersect (Y) at C.D , respectively. 


Required: CDL (X) 


Proof: Let (Z) a plane of intersect lines BC BD (for each two intersect lines, there is one unique 


plane too contain them) 
Since АВ L ВС, BD (given) 


.. AB 1 (2) (а perpendicular line on two intersect line at intersect point is perpendicular оп their plane] 


Ww 4Вс(3) (Given) 
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ba 


ыз 


SEOMETRY 


T (X)1(Z | (Two planes dre perpendicular if one plane contains a line perpendicular on the other plane), 


v (х) це) (Given) 
Since (2)ғ(Ү = Сп (because it ix contained іп hath) 


* CD L(Y) Jf each two intersect planes are perpendicular on а third plane, then, intersect line із 


perpendicular оп the third plane. Q.E.D 


Exercises (6—1) 


. Prove that plane of planar angle which belongs to dihedral angle 15 perpendicular on Из edge. 
. Prowe that if a line is parallel ta a plane and it i$ perpendicular to other plane, then these two 


planes are perpendicular to each other. 


. Prove that if the plane is perpendicular to onc of two parallel planes it is perpendicular to the other, too. 
. Four points A.B, C and D arenotatthesame plane where AB=AC . ЕЕВС .If “AED вре 


angle ofthe dihedral angle A-BC-D , Prove that CD-BD 


„ТЕ ало intersecting lines are parallel to a given plane and they are each perpendicular to two intersecting 


planes, then the line of intersection of the two intersecting planes is perpendicular to the given planc. 


. A circle with diameter АВ , АС perpendicular on its plane, D is a point in the circle; prove that (CDA) is 


perpendicular on (СОВ). 


l- Projection of a point on à plane: it i5 the trace of the column drawn at that point in the plane. 
2- Projection of a set of points on a plane: Let L , a set of points in space, ils projection is the set of 


traces of columns drawn at these points on the plane. 


3- Projection of a non-perpendicular segment on a given plane: it is the segment defined by traces 


of two columns drawn at ends of the given plane. 
Let 4B non-perpendicular on (X) and let 


AC 1 (X) projection of А on (X) is C 


BD L (X) projection of B on (X) is D 
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4% Projectionof 4B on(X)is CD 18 


Note: 
he 
M АВ/ЛХ) 
Then 4B=CD / | | 1 
/ е р / 
Дк | 


4- Inclined Line on а plane: it is the non-perpendicular line on a plane bisects it. 
S- Angle of Inclination: it is the angle bounded by the inclined and its projection on a plane. 
Ға 
Let 48 inclined on (X) at B 


Let AC L(X) inC 
СВА projection on (X) where 4 e (X) ў Ө 
Also, B is itself projection where Ве (X) 
= ВС Projection of AB on (Х) 


Le. («0490 
ве (9,9) 


6- Length of Project 
Length of project of a segment on a plane = length of inclined Ж cos of angle of inclination 


AB «cust 


When АВ is inclined on (X) and angle of Inclination Ө and project ЁС ; then ВС 


T- Froject of Inclined Plane on X 
Angle of Inclination of a plane on a given plane 1s measurement of planar angle belonging to dihedral angle 
between them. 
Arca of project of inclined region on a given planc = arca of inclined region x cos, of angle of inclination 


^ 
Let A area of inclined region, A area of project, B measurement of angle of ап inclination] 4 =A -osa | 
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Example 4 


If ane side of right angle is parallel to а given plane, then, project of sides on plane are orthogonal. 


Слас: 4 
ABC is a tight angle in В чу 
PES с’ 7 
AB; (X) (4 
AB is project of АВ оп (X) 
АЧ” rr | 
BC is project of BC on (X) / Ї / 
| Pd 
Required: АВ LEC / С А 


Proof: 
ЯВ is project of AB 


ЕС" is projectof ВС 


СС", BE' AA 1 (X ) (Projection of a segment on a known plane is the segment bounded by traces of two 
columns drawn on the plane from ends of segment). 


CC'H BB, AA BB" (two perpendicular lines on one planc are parallel). 


By parallel lines, АА", 85" we plot (Y) (for every two parallel lines, there is 


By parallel lines, ВА" CC we phot (Z) | a unique plane contain them) 


But AB //[ X) (given) 
(Yo (X ) = ЖЕ (Two ples intersect by хїнд  ЇНна) 


AB/ LB! (Ға line is parallel to а given plane, the line ix parallel to all lines resulting from 
intersect of this plane amd planes in that lina). 


Also ВЕІ АЕ (a perpendicular line on plane is perpendicular on atf lines drawn from its race within that piane). 
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АЁ 1 ВЕ (In one plane, the perpendicular line an one of two parallel lines, is orthogonal an the other). 


But АЯ 1 ВС fbecause m£ ABC = 90 given) 
AB Lf 2) {А perpendicular fine ат hwo Intersect lines at intersect paint із perpendicular on their plane). 
АВ (2) (а perpendicular plane on one of two parallel lines is perpendicular an the other). 


AB LAC {А perpendicular line on plane is perpendicular an all fines drawn from tts trace within that plane). 


QED 


— E 
ABC is triangle, BC c (X) Ж 
ж / / 1 
Dihedral angle between triangle 5”. , 1 
— eee 80 D НИ 
Plane ABC and plane Х, л X 4 \ 
б / / 13 1 
1 “зас f | | 
its measurement is 60°, if AB-AC- 13cm, BC=10 em х = a / | 
Ч 4. | 
1 Й 1 a ; RE s ы L- = 74 \ 
Find projection of triangle (ABC) on (X) А Е "73 — 
LY INN ы 
Then find project area ААВС on (X) Mag 
E 
Given: 
ААВС, BC c (X) 


(48С)-8С-(Х)-80 
АВ= ACz13, ВС-10 
Required: 


Find project of AARC on (X) and find project area ААВС on (X) 
Proof: 
Draw 4D 1(ХүіһП (a column can be drawn on a plane at a given point) 


CD is projeet of AC (projection of a segment on a given plane 15 the 
segment bounded by traces of columns drawn 


BD 15 project of AB on plane at ends of segment) 
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ий 


BC is project of itself on (X) 


4. ABCD is project of. MAC on (X) 
In (ABC) we draw ACL AE in E (In one plane, a perpendicular line can be drawn on another line from a given point) 
Since AC-AB (piven) 

.. EC-BE-5em (The perpendicular column from vertex of isosceles at the base, divides the base into half). 

^ ED 1 BC (Pastulate of three columns theorem) 

^ 20ЕА belongs todihedral ЁС (by definition of belonging angle). 

However, measurement of dihedral angle is BC — 60" [given) 

Іп A4EB right in E 

AE- 18025 - = Dem 

In AAED right in D 


Ө? ED | ED ED-6 
= SS = шан” 
DHS AE 3 T = ст 


Arca of triangle BCD = : (10) (6)= Ren Q.E.D 


If area of project is requi red, it can һе found as follows 


Area of BCD = area of ABC X cos 60" 


L 
2 


га 


02) (10) (2) ІР 
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Exercises (6-2) 


1. Prove that length of segment parallel to known plane equals length of its projection on known plane and 
parallel to it 
2. Prove that If two parallel planes cut by a line, then its slope оп one of them equals to its slope on the other. 


3. Tf parallel lines intersect a plane they are equally inclined the plane. Prove that. 
4. Шаға different inclined lines аге drawn from a point, which does not belong to a given plane , then 
taller one has a slope angle on the plane smaller than the other angle on it. 
5. If two inclined lines are drawn from any point to a plane, then one with smaller slope has longer length. 
6. Prove that angle of inclination between line and its projection on a plane is smaller than the angle bounded by 


line itself and any other line drawn from its position within that planc. 


Dear student, vou have already studied solids at earlier stage, below is a summary of laws of volumes, lateral | 
total areas of some solids, A solid volume is volume of region in space lying within the solid. 


1) Righi Рей 


Total area of Internal faces = base perimeter x height 


Lateral area + area af two bases 
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E space сот о 


2) Parallel Piped (Rectangular Solid) 


ж | аш 
| .. Volume 


L. A- 2(x+y)z 
Lateral Area 
T.A=2(x+y)z+2 


3) Cube 
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4) Right Circular Cylinder 


тека 
Т.А -2аягї яг! 
| _| Total Area 


5) Pyramid 


Volume 


14-1 base perimeter x Length of lateral height 
| 2 Lateral Area 


Total area = lateral area + base area 
Total Area 


246 


6) Right Circular Cone 


"NW 
v-- 


L. А-лг p 
E _ Lateral Area 
MEET 
Total Area 


7) Sphere 


ШИШЕ: АЕ ы-- 
3 Volume 


Area of sphere surface = area of 4 great (magna) 
circles = dar’, S= dar 
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| 1) Tetrahedron: ts a right tri-pyramid, its four faces are congruent isosceles triangles. 
2) Ifacircular cone is cut (intercept) by a plane from one of its generators, then the section is a triangle, The triangle in the 
right circular cone is isosceles. 


8. 
| Xerecises (0—3] 


|. Ifthe total area of a rectangular solid 724 cm? ,aren of its base 132 ст” and arca of onc. lateral face = 110 cm’, then 

find Ив volume. 

Right circular cylinder, it’s lateral area 400 enr , volume 20001 ст, find height and radius of its Баяр, 

3. Prove that the volume of a uniform tetrahedron, whose length of each edge is L unit, is 5 unit", 

4, Leta plane pass through a vertex of a right circular cone and cuts it's base by a line whose distance is 8 ст from the 
centre of base. If area of the section ix 102 сш” and latitude of the cone is 15 ст, then find and its total area 


ы.а 


I) The volume 2) Lateral area — 3)Total area 


5. Tf you are known that it can be possible to draw a sphere outside the regular tetrahedron . 


Prove that radius of the sphere = 1 height 


Gene al Exercises 


1) Find the values of т, y E Л which satisfies Pg 
223 14 
2) Find the result of (v^ et nez 
ww 
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3) if == 


Lu. 


— 


= 


NET 


1 
1 


is a complex number then find: 
тазы 


by using De moivre's theorem. 


An ellipse whose center is at origim and a hyperbola which intersection point of axes is it's center. Each of them 
passes Through the foci of tbe oiher one and if Ox E257 225 is egauatien of ellipse then find 

в) Area of region of ellipse 

b) Perimeter of ellipse 

с) The equation of hyperbola then sketch it 

d) Ecceniricity of each of them 


Find the equation of ellipse whose foci are on x-axis and, center is at origin and it's area is 7a ший” and perimeter is 
10x unit. 


Find - for each of the followings, 
a) ху -2y- 3x43 В y= sin4x tan zx 
с) үе” Шізхі 4) y= гапісоѕ x) 
el y= x’ Inld 12227174) 
gi ТЕ uiis hi у= omie] 

e a й 


Use th Rolle's theorem and then mean value theorem to find the value ofc for the function 
ff (x)= e e хе [-2.2] 


8) х гах”-4х--5 satisfies the conditions of Rolle's theorem on ihe interval 


[-L5]andif c =2 belongsio(- 1,0] then findthevalueof a.h Е К 


9) A parallelpiped whose base is a square and it’s height is three times of the base length Find the 


approximate value of the volume when the length of it’s hase is 2.97 ст. 


10) The volume of a right circular cone is 21 Олспг find it’s radius base approximately when it's height is 10 ст. 
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Hy If (х) 54 З1х+1 find 1.01) approximately by using corollary Mean Value Theorem. 


12) By using differentiation information sketch the graph of the curve yx -1. 


13) Find the integral for each of the followings. 


a) сов x sin! x)d b) f (sin 2x -1) lens? 2x Zick 


apa, af ta 


е) f corx cuc! xd nf ‘x! - 5x" dy 
| Pr lan к 
—— d hi | sec” 3x e^" dx 
9) 814449 [= 
— 200. 0098 т 
14) Solve the differential equation у = гы, yeu =] 
ғ 


15) Solve the differential equation =—2xtan y such that x =Owhen y= 2 


16) Solve the differential equation ху = y -x such Шагх-1,ул1, 


17) Solve the differential equation (x^ + 3y^ dx – 2xydy =0 
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